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Abstract. The authors construct a Wakimoto type reahzation of toroidal 
^ ^ ' s'n+l The representation constructed in this paper utihzes non-commuting 

Cn ' differential operators acting on the tensor product of two polynomial rings in 

many commuting variables. 

1—5 

o 

I— !■ 1. Introduction 

H 

-y^ ' Toroidal Lie algebras were first introduced in [MRY90] as a natural generaliza- 

. , tion of affine algebras. Given a finite-dimensionl simple Lie algebra a a toroidal 

1 -Q ' algebra is a central extension of a® C[ii, . . . , i„, t^^, . . . , t~^], where the ti arc corn- 

ed , muting variables. Toroidal algebras can be thought of as iterated loop algebras in 

many commuting variables. Such algebras can also be defined using generators and 
relations as we do here. 

One motivation for the study of toroidal Lie algebras is for potential applications 
to math and physics. For instance, one of the cocycles used in the construction of 

Ijr^ ' the toroidal extended affine Lie algebra is also used in Y. Billig's study of a magnetic 

V^ , hydrodynamics equation with asymmetric stress tensor (see [Bil07] and [Bil05]). Li 

addition Billig and independently lohara, Saito, and Wakimoto (see [Bil99], and 
[ISW99]) derive Hirota bilinear equations arising from both homogeneous and prin- 

C^^ ' cipal realizations of the vertex operator representations of 2-toroidal Lie algebras 

^P , of type Ai,Di, El. They derive the hierarchy of Hirota equations and present their 

soliton-type solutions. In [KIT02], Kakei, Ikeda, and Takasaki construct the hier- 
archy associated to the (2 -I- l)-dimcnsional nonlinear Schrodingcr (NLS) equation 
and show how the representation theory of toroidal 5(2 can be used to derive the 

K> , Hirota-type equations for r-functions. On the somewhat more mathematical side, 

^ ■ in interesting work of V. Ginzburg, M. Kapranov, and E. Vasserot (see [GKV95]) 

5r 1 on Langland's reciprocity for algebraic surfaces, Hecke operators are constructed 

for vector bundles on an algebraic surface. The main point of their paper is that 
under certain conditions the corresponding algebra of Hecke operators is the homo- 
morphic image of a quantum toroidal algebra. One should also note some of the 
recent work of Slodowy, Berman and Moody, Benkart and Zelmanov on generalized 
intersection matrix algebras involve their relationship to toroidal Lie algebras (see 
[BM92], [BZ96] and [SI086].) In addition, Wakimoto's free field realization of affine 
SI2 and Fcigin and Frenkel's generalization to non-twisted affine algebras g play 
a fundamental role in describing integral solutions to the Knizhnik-Zamolodchikov 
equations (sec for example [Wak86], [FF90b], [Kur91], [EFK98], [SV90], [SV91] and 
[SV91]). 

The representation constructed here is similar to what is often called a "free field" 
representation, that is our Lie algebra elements will be realized as formal power 
series of noncommuting differentiable operators a„, n G Z acting on a given vector 
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space V, where the formal power series associated with the Lie algebra become 
finite when applied to an element v € V . Our representation is constructed by first 
finding a representation of an infinite-dimensional Heiscnberg like algebra, and then 
"inducing" to the full toroidal algebra. The free field representation in this paper 
is a generalization of the works of the second author [Cox02] and [Cox05] which 
were in turn motivated by the work of Feigin and Frenkcl constructing free field 
realizations of affine Kac Moody and M^-algebras [FF90c] and [FF90a] , as well as 
[BF90] . A completely different representation of a class of toroidal algebras given by 
free bosonic fields appears in [ JMX09] . Interestingly, some free field representations 
of toroidal lie algebras can be used to construct vertex algebras [BBS02] of a certain 
type where all simple graded modules can be classified [LY05]. 

Part of our motivation for studying Wakimoto type realizations of toroidal s(„+i 
is to gain insight into the role of 2-cocycles in a more general construction of free 
field realizations for universal central extensions of Lie algebras of the form q (iSi R 
where R is an algebra over the complex numbers. Another motivation is that they 
often can provide, in the generic setting, realizations in terms of partial differential 
operatos of imaginary type Verma modules for toroidal Lie algebras. We plan to 
see how the realizations in this paper are related to these modules in future work. 

2. Notation and preliminary setting 

All vector spaces are over the field of complex numbers C 

Let An = (^ij)"o=o t)e the indecomposable Cartan matrix of affine type ^^ 
with n > 2. Let 11 = {ao, ai, . . . , ««} denote the simple roots, a basis for the 
set of roots denoted A. Let Q be the root lattice, i.e. the free Z-module with 
generators ao,ai, . . . ,a„. The matrix An induces a symmetric bilinear form (-j-) 
on Q satisfying {ai\aj) = Aij. For < i < n, we set di := a^. 

We review some of the calculus of formal series, following reference [LL04] and 
we introduce a slightly modified for of the A-brackct notation and Fourier trans- 
form of [Kac98] which provides a very compressed notation, however many of the 
calculations are actually done in the more expanded form of [LL04]. As pointed 
out in [LL04], the formal calculus generalizes to several commuting variables, the 
case used here. Throughout this paper Zi,Wi,Xi,yi, Xt will denote mutually com- 
muting formal variables, with i ranging over some index set. We use multi-index 
notation, for a positive integer k given an element {mo, mi, m2, ■ ■ ■ mk) G iJ^^^ we 
write m = (toq, 'm.i, 7712, ■ • ■ m,k), and define z™ = z™'^ z™'^ z™'^ . . . z^'' . Denote by 
the fc-tuple of all zeros, and by 1 the fc-tuple of all ones. Fix a decomposition of 
^fe+i ^ ^fc+i y {0} uZ'j+^ into three disjoint subsets such that Z±+^ are sets closed 
under vector addition i.e. for example, if j,k £ 1j^^ , then j + k G Z^^^. Define 
m > if m e Z';+^ and m < if m G Z*i+\ Define the function d by 



(m) 



f if m > 

otherwise. 



We work with formal series 



(2.1) a(z) = ^ flnz"" 
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with an G End(V^) for a vector space V described below. The series in this paper are 
summable in the sense of [LL04], i.e. the coefficient of any monomial in the formal 
sum acts as a finite sum of operators when applied to any vector v S End(l^). For 
a multivariable z = {zo, Z2, ■ ■ ■ Zk), let z^-*- denote {z^ ,z^ ,...z'^ ). To simplify 
notation we denote C[[zo, -2(7 i^'i-T^i i---Zk,z^ ]] as C[[z, z^-*-]]. Define 

(2.2) <5(z) := J2 z"eC[[z,z-i]. 

Similarly, 

(5(z/w) := J2 z™w-" eC[[z,z-Sw,w-i]] 

so that 

fc 

(5(z/vir) = ]^(S(zi/u;i) where S{zi/wi) = ^ z'^w^''. 

i=0 fcGZ 

The following properties of 5 hold, see Proposition 2.1.8 [LL04] which we repro- 
duce here in the multivariable setting. 

Proposition 2.1. (1) Let /(z) e V[l,-z-^]. Then 

(2.3) /(z)5(z)=/(l)5(z). 

(2) Let /(z, w) G EndF[[z, z^-^ , w, w^-^]] such that lim^^w /(z, w) exists. Then 

in End(y)[z, z-\ w, w-i]] 

(2.4) /(z, w)<5(z/w) = /(z, z)5(z/w) = /(w, w)5(z/w) 
The formal residue for an element /(z) G V^[[z,z^-'-]] is 

neZ'= + i „- = -! 

Alternatively we can define Rcs^ as 

ReSz y flnz" = ft-l 

neZ'= + i 

the coefficient of (—1, —1, ■ • • — 1). 

We introduce a slightly modified form of V. Kac's A- bracket notation and Fourier 
transform (see [Kac98]). For any 

a(z,w) — y am,nz"'vy" 

m,n 

we define the Fourier transform 

^,^^a(z,w)=Res,„...Res,„e^-«^'("'-^"')a(z,w). 

For j = (jo,.-.,Jfc) G N'^+i, set j! = J^]^■■■jt^, d^p ^ j^d(^^, and 9«) = 

Yl^^Qdwi ■ We also write A^-'' := A-'/j! = ni=o ^- Using this notation allows 
us to compress many of the formal series we shall encounter, due to the following 
identity 

(2.5) i^^^„9(J)j(z/w) = A^J) 
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To prove identity 2.5 we recall a few properties shown in ([Kac98, Prop. 2.1]); For 
J>0, 

Res.d^'^ S{z/w)=0, 

{z - w)dl;j+^')S{z/w) = d^J^S{z/w), and 

{z - wy+'^d^j'^Siz/w) = 0. 

Thus 

^z^wS^-'^^Cz/w) = Rcs.,„ • ■ •Res^„e^-o^.(-.-«'Oa(J)(5(z/w) 

Cfc / GO - \ ^' \ 

k / cxD ^ \ 

If a(z), 6("w) and (>'(w) are formal distributions satisfying 
[a(z),6(w)]= Y. c'(w)a(J)(5(z/w), 

we have 

i^,^^[a(z),fe(w)]= ^ cJ(w)A«). 

The A- bracket is defined as 

[a(w)Afe(w)]= ^ ci(w)A«), 

achieving the compressed notation. When the variables are clear from the context, 
we sometimes omit the formal multi-variables z,w. Properties of the A-bracket 
that we use frequently include 

(2.6) [aA[6r7c]] = [[axb]\+r,c\ + [6,,[aAc]] 

(2.7) [ax{bc)] = [axb]c + b[axc] 

2.1. The toroidal Lie algebra. Fix a positive integer N . We define the toroidal 
Lie algebra t(^„) by generators 

A'^j, H,{m), E,{m), F,{m), 0<i<n,0<j<N,me Z^+^ 

and relations 

(0) i. The i^Tmj, < j < N are central; 
ii- Si=o iTT-iKm,i = 0; 

(1) [H,{ni),H,{n)] = A, (E^o "^'^^m+„,i) (0 < i,j < n); 

(2) [H.{xn),E,{n)]=A.,,E,{m + n), 
[ff.(m),F,(n)] = -A.,F,(m + n); 
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(3) [£;.(m), F,(n)] = -S,,^ | H,(m + n) + -|- ^ miK^+^j J ; 

(4) i. [E,im),E,in)] = = [F,(m), J^,(n)]; 
ii. adE,{m)-'^^^+'^Ej{n) = for i ^ j; 

iii. adi^j(m)-^'J+ii^j(n) = for i ^ j; 

We also write generating functions for the generators of t(A„) 1 < i < n, < s < A^: 



(2.8) /U(z)- Y. Krn,sZ-"', i/.(z)= Y. ^'M^^ 

£;,(z)- ^ ^.(m)z-™, F,(z)= ^ E,{m)z- 



Let 9^. = -^ denote formal differentiation. Define the operator D^. = ^, 



and D :~ X]s=o ^^-^ (^^® indeterminate in use is understood in the context of the 



formula) . 



AT ^ N N 

(2.9) K{z) -D^Y M^)g^J<{^) = E ^^(^) = E E ^^-.»^" 

i=0 * i=0 4=0 m 



A 



(2.10) i^-A-(z)=E E ^^pK^.sz' 



=OmeZ" + i 



(RO) i. Ki{z) is central; 

ii. D ■ A'(z) = 0; 
(Rl) [i/,(z),i/,(w)] = A„/v(w) • DS{z/w); 

(R2) [i/,(z),£;j(w)] == Ay-^,(w)<5(z/w), 
[i/,(z),^j(w)] = -A„-F,(w)5(z/w); 

(R3) [ii;,(z),f,(w)] = -S.,^, (^H.,{w) + ^A'(w) • D ] <5(w/z); 

(R4) i. [E,iz),E,iw)] = = [^,(z),^,(w)]; 
ii. iidE~^''^\z)Ej{-w) = for i ^ j; 
iii. adi^"'^'^+\z)i^j(w) = for i ^ j; 
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We demonstrate how to write relation (1) as (Rl): 

m,n m.n \/^0 / 

= ^»J E ( E ^^m+n.(W-™-" ) m^W^Z-") 
m,n \Z=0 / 

= ^^^ E ( E ^^'-(w--^ ) wA,, E(^"^"'") 

r \i=0 / m 

N 



1=0 



3. The toroidal Heisenberg algebra 

Define the the toroidal Heisenberg algebra, 05, as the Lie algebra with generators 
bi{^) (1< i < n) and K^-.p (0 < p < N, r <E Z"^^) which satisfy the following 
relation: 



N N 

(3.1) [6,(r), 6,(s)] = Ay ^ r^ifr+s.p, and ^ r^/^r^p = 0, Vr G Z^+i. 

p=0 p=0 

Here A^ denotes the «, j*'* entry of the Cartan matrix A„ where we have deleted 
the first row and column. If we set 

n 

(3.2) 6o(m):=-E^.(m), 

then one can check that the first equality in (3.1) is satisfied also for j = or j = 0. 

3.1. Representation of the Heisenberg algebra 58. We define a polynomial 
ring over indeterminates indexed byO<i<n + l and k G 1^ ^^. 

C[y] :=C[yj(k)|kGZ^+\k>0, 1 <i<n]. 

For fixed Km,p ^ C, < p < N and Aj G C we define a map $ : 03 -> EndC[y] 
below by an action on the generators. The construction of the map is similar to 
that appearing in [Cox05]. The motivation for the definition of $ uses heuristic 
ideas about how the toroidal Lie algebra "should" act on sections of certain (not 
well defined) line bundles. For readers who are interested in this heuristic type of 
construction, one could consult [FF90a], [BF90], [CF06]. The resulting map $ is 
twisted as in [Cox05] so that $(6i(ni)) is a well defined element of EndC[y]. The 
definition of $(6o(ni)) follows from the definition(3.2). 
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Proposition 3.1 (Realization of tlie Toroidal Heisenberg Algebra). Fix Km,p £ C, 
< p < N and A; £ C where < i < ?i. Assume 

N 

(3.3) y mpKjn,p = 0, for all m, 

N 

(3.4) 2^ "m-pH-m-n.p = for m > and n > 0. 

p=0 

Then the map $ : *B — !> End C [y] given by 

$(6,(m)) =e'(-m)^^ (%-i(s) -9j,,(s))™P«:-m+s,p 

p=0 s>0 ^ ^ 

p=0 s>0 ^ ^ 

+ 6'(-m)yj(-m) - (5in,oAj 



'P(^m+n,pj — '*— m— n,p 

for 1 < i < 71, m, n G Z^+^ defines a representation *8 on C[y]. 
Proof. For 1 < J,j < n we have 



[cf>(6,(m)),$(&,(n))] = 






■m+s,i 



p=Os>0 



N 



+ ^(m)^^ (^y.-i(s) -29j^,(s) +5a,+i(s) )mpK_m+s,p + 6'(-m)2/,(-m), 6'(-n)yj(-n) 

p=0 s>0 



Af 



N 

{-m)y,{-m), ^(-n)^^ (^y,^i(t) -^^(t) )n,K_„+t,, 

g=0 t>0 

JV , 

+ ^(n)Z!Z! ( ^a.-iW " 2ay^(t) +^a.+i(t) jn^K-n+t,, + 6'(-n)yj(-n) 

g=Ot>0 ^ 

=6'(-n)6'(-m) ( ^^v^-i - (5j,i j ^ mpK^m-n^p + 6'(-n)6'(m) f (5_,.i_i - 2(5,.^ + Sjs+i j ^ WpK-m-n.p 
\ / p=0 ^ ^ p=0 

- e'(-m)e'(-n) f (5ij_i - Si^j j ^ n,K_in_„,, - e'(-m)6'(n) f (5,;j_i - 2di^j + 5, j+i j ^ 7i<jK_m-n,<} 

^ ^ q=0 ^ ^ 9=0 

= fe'(n)e'(-m) + e'(-n)6l(m) + e'(-m)e'(-n) j U^ ,»-i - 25,^ + 5^,,+! j JZ™^''-™-".? 

■. N N 

^j.i—1 ^^i.j I ^j.i-\-l I / ^ ^^p^— m — n,p ij / ^ ^^p^ — m—n.p- 

' p=0 p=0 

where in the last two equalities we used the hypothesis (3.3) and (3.4) respectively. 
The remaining relations are also straightforward. D 
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4. Main Result, the representation of t(A„) 

Let i, j < n + 1 and m e Z^+^ 

C[x] ;= C[x,j{in)\0 <i<j<n + l,tne Z^+i] 

The elements Xy (m) act via multiplication on the ring C[x], and hence on the ring 
C[x] ® C[y] (as Xij{m) 1). Define the following differential operators acting on 
the polynomial ring C[x] (g) C[y]. 



(4.1) ay,m := -Xij{m), a 



d 



With corresponding generating functions: 

«y(z) = XI "y,mZ~™, a*j(z) = ^ a. 






mGZ" + i 

Define the operators 

(4.2) 

AT „ AT JV 

k(z) • Z? = ^ Kj(z) — , k(z) = ^ Ki(z) = X X Km,i2''^Zi. 

i' — n T — n ') — n m 



i— 2—0 m 



Note that K{z) ■ D is a weighted version of Euler's difi^erential operator. The 
operators $(fei) commute with the aij^m, a* ^ and act on C[x] (E) C[y] as 1 (g) ^{bi). 

Theorem 4.1 (Realization). Let Km,i &e /iied complex numbers satisfying condi- 
tions (3.3) and (3.4) and fix Xi € C for < i < n. Then the generating functions 
given below 



r-\ 



p{Fr){z) = a,.,^+i(z) - ^aj>+i(z)a*^(z), 

r-l 

p{Hr){z) = 2ar,r+i{2)a*,.^^{z) +^ {a^.r+l{z)a*,._^_^{z) - a,r(z)a*^(z)) 

n+1 

+ Yl Ki(2)a*j(=2)-«'-+ij(2)a*+ij(z)) +*(&r)(z), 
p{Er){z) ^ a,.,,.+i(zX,,+i(z)<,,,+i(z) 

n+l r— 1 

i=r+2 j = l 

n+1 

j=r+2 

+ a*,,_|_i(z)$(6r)(z) + K ■ IJa* ,,^i(z), 
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for 1 < r < n, together with 
p{Eo){z) ^ -ai,„+i(z), 

n n n+1 

p(i?o)(z) = -^p(H,)(z) = -I]ar,«+i(z)a;„+i(z) - ^(z)ai,(z)at.(z) + $(&o)(z), 

r=l r=l r=2 

i-l 

p(Fo)(z) = ^ -a^j(z) Yl \{"'*qm+M<n+i{-^) 

l<r<n+l r>(yj,q J — 1 
i-1 

l<r<n+l T-— gi,qj — 1 

defines an action of the generators Er{in), i^j.(m) o, nd Hrim) on the Fock space 
C[x] (g) C[y] (notation given earlier). In the partitions above 1 = qi < q2 < ■ ■ ■ < 
gi,qi+i =n + \. In addition Km,i acts as left multiplication by — K-m,; • 

Note it appears that one should also have for k < I, 

p{Eik) = -aki + ^ ajia*^ 
j=i 

but we don't seem to need this general formula, so we don't determine whether it 
is always true. 

5. Proof of the main result 

We should point out that the proof requires very lengthy (at least to us) cal- 
culations. We have selected representative portions of the calculations to include 
here, from an original manuscript of over one hundred pages. Calculations similar 
to those omitted can be found in [Cox02] and [Cox05], students may also wish to 
specialize to the special cases of cases of type A2 and A3 especially the latter which 
is a good guide for the general setting of n > 2. 

Let 

a>(6,) := <i>ibr)iz) = ^$(5,)(m)z-" 

m 

then we can write the last calculation in the proof of Proposition 3.1 as 

N 

['^{br)x^{bs)] - Ars J2 PiKl)Xl ^ -ArsK ■ A. 

1=0 

Set 



Ki{^)-= (e^'-jw-m 



Wl. 



Relations (RO) are satisfied by definition of the Km,;- The relations (R1)-(R4) will 
follow if the following A-brackets are satisfied 

(Tl) [p{H,){w)^p{H,){w)] = A,j:f^,p{Ki){w)Xi (0 < t,j < n); 
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(T2) [p(i70(w)Ap(i?,)(w)] = Ayp(i?,)(w), 
[p(i/0(w)Ap(F,)(w)] = -Ujp{F,){^)- 



N 



(T3) [p(i?,)(w)Ap(i^,)(w)] = -5,,, f p(H.)(w) + ^ E'°(^^'')(^)^' 1 ' 

(T4) i. [p(S,)(w)Ap(i?,)(w)] = = [p(F,)(w)Ap(i^,)(w)], if \i - j\ ^ 1. 
ii. [p{E,{v,)x)[p{E,){^)^p{E,){^)\\ = if z = J ± 1. 
iii. [p(F,)(w)a[p(F,)(w)^p(F_,-)(w)]] = if z = j ± 1. 



Proof. Wc demonstrate how to write relation (Rl) in A-bracket form: 



N 
m.n /=0 

= A,j Y^ cJ(w)9(J)(5(z/w) 



where the o'(w) is defined as fohows: we take e/ be the iV-tuple with a 1 in the 
Z-th position an zeros elsewhere, and define c'^' (w) = Ki{-w) and cJ(w) = if j 7^ ej 
for some < ^ < A^. Applying F^ gives the result. 

D 



5.1. Preliminary Lemmas. We have the following identities for the ai.j^m, o-t j m 
as in (4.1), proofs of which carry over from [Cox05] Lemma 4.1. The identities are 
written which we write in terms of the A-bracket. In the interest of compressing the 
notation, we shall often repress the variables z,w in the computations, especially 
when using the A notation, where the presence of the multivariablc w is assumed. 

Lemma 5.1 ([Cox05]). Leti,j,k,l £ Z. Then for the generating functions aij(\v), a* Jv/) 
the following identities hold: 



(a) [a»j(w)x4,(w)] =S,,k6jj, 

(b) [ajj(w)a*,-(w)Aajj(w)a*j(w)] =0 , 

n+l s-1 



('^^ Yl Yl [«fcs('*^)4,5+i(w)Aarj(wX^-(w) 



-'5s.r+iar,r+l(w)a*,,^2(w), 



j=r+2k=l 
r—1 n+l 



(e) Y^ Y [a'i+i.fc(w)asfc(w)Aajr(w)a*,,+i(w) 



j=l k=s+2 
n+l s-1 



^■^^ Yl Y [^ks{^)al^,+j^{w)xar+i,j{w)a;^j^j{w) 



0, 



= 0, 



j=r+2 k=l 
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(9) 



n+1 n+1 



H X! [a-^+i.fe(w)as/c(w)A(arj(wXj-(w) -a^+i,j(wX^ij(w)) 



j=r+2 k=s+2 



n+1 



n+1 



= -2(5r,s ^ ar+i,j(w)a*j(w) + (5,.,5+i ^ arj(w)a*_i .,(w) 

j=r+2 j=r+2 

n+1 

+ 5s,r+i X] a'-+2,fe(w)a*+i ,,(w), 

j=r+3 

(h) YI'jl\ [a:.^+i(w)Aaj,.a*,,_^i(w)J = -(5,.,,+ia*_i ,.+i(w), 
r^y* Ej'=^r+2 aLs+i(w)Aar+ij(w)a,*j-(w) = -(5r+i,s<^+2(w). 

Proof. Only statement (c) is new, 



w 



9 



[arj{•z),K{^N) ■ Dali{y^)] = ^ ^ ^ Kn,p[aii(m), 4,(q)]w"wp^— z "w" 

m p— n.q ^ 

p— n m 



A 



p=0 n 



d_ 

' dWr, 



and 



N 



[«(z)-^<;(z):aii(w)] =^^^K„,p[<,(q),ay(m)]z"w "^Zp-—^ "^ 



m p— n,q 



dZr, 



N 



p— n m 



A 



'^^fc'^J.' Zl Zl '^n,pz"u'p^;^'5(z/w) 

p=0 n P 

(Ji.fcfJj,; ^ Y l^n.pVf^Wp- (5(z/w) + Si,kSj^l Y '^p-^ Z '^n.pV^" 5(z/w) 

p=0 n *^^P p=0 "'^P \ n / 

N Q ( ^ \ 

Si,kSjU Z Z '^n,p"*^"^P Q (5(z/w) + (5i,fc5j,; ^ ^ WpKn.p w"5(z/w) 

p=0 n P n \p=0 / 



A 



'^^^fe'^J,' J2 J2 Kn,pw"u;p^^— -(5(z/w) 

p— n 



d_ 
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by the relation (RO). Now we take the Fourier F^^ transform of the above, ob- 
taining 

N 

[aijxK ■ Dali] = [k ■ Dalixaij] = S.^^kSj^i ^ KpXp = Si^kSjjK ■ A. 

p=0 



D 



In addition, the following consequences of Lemma 5.1 are useful 

Lemma 5.2. The following identities hold 
(5.1) 

r / ^ * / \ / X * / Ni r I — fli s+i(w)a*„(w)i/n = s + 1 

a™„(w)a;,„(w)Aa,,,+i(w)a*,(w) = S^j < '' , \ [ f \ ' 

[aj,s+i(w)a^-^(w) ifn = s 



(5.2) [aij(w)a*,(w)_j^K_Da*;„(w)] = StmSjnH ■ Da*j{vf) + (5,;,„(5j„a*,(w)K • A 



Proof. We prove only the second relation (5.2) and leave the other to the reader. 
By Lemma 5.1 (c) and by properties of (5(z/w) one has 

["y(z)a*j(z),'«tu^tuam„(w)] = dimSjna*j{z)Ku,Du,S{z/w) 

= SimSjnl^wDw{a*j{z)S{z/w)) 

=5^m5jnKwDw{a*j{w)5{z/y^)) 

=SimSjniKwDwa*j (w))(5(z/w) + 5i,„(5j„a*,- {-w)k^DwS{z/w)). 

Note that the formal multivariable in the series a^ (z) is not affected by the operator 
k{'w)D^ which acts on series in w. Applying the transform F^^ gives the result. 

D 

5.2. Relations involving the Hi{z). The relations (Tl) and (T2) are simpler 
to verify than those of type (T3) and (T4), so we begin with them. A reader 
familiar with other free field representations or vertex algebras can verify relation 
(Tl) as an cxcercise (see also [Cox02]). Because of the definition of the Oij and a*„ 
given in (4.1) there are no multiple contractions when computing out the operator 
product expansion for these terms. To further compress the notation, we sometimes 
omit the multivariable w in our computations when the variable is clear from the 
context. 

Lemma 5.3 (T2). 

[p(i/,)(w)Ap(Ss)(w)] = ArsPiE,){w). 

Proof First assume r, s ^ 0. If |r — s| > 1. observe that the indices of a^ and 
a* that appear in p{Hr){z) and p{Es){w) arc disjoint and thus by Lemma 5.1 (a) 
contribute nothing to the A bracket [p{Hr){'w)xp{Es){'w)] (or equivalently to the 
commutator [p{Hr){z), p(Es){'w)]). The remaining terms coming from the bj have 
trivial commutator and thus [p{Hr){vj-)xp{Es){^v)] = 0. 
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Now assume r = s (with r,s j^O). In this case p{Er){w) is equal to 

n+l 

r— 1 n+l 

j = l j=r+2 

and p{Hr){w) expands to 

r — l n+l 

2ar,r+ia*,r+l + 2^ {'^i-r+lO-i.r+l ~ airflir) + /-^ {^rjCirj ~ '^r+l.jO'r+lj) + *&(&r), 
i=l j=i-+2 

(where we have suppressed the variable w). Now 
(5.3) 



n+l 

jV "r,r+l 



2|_ar,r+ia*_r+lAP(-E'r)J = 2a,.^r+ia*_r+l'^r,r+l + ^ 2_^ ('^'■j''^*j" ~ ^'•+lj'^*+lj"j "^ 

j=r+2 

W 

+ 2a* ,._|_i$(fe,.) + 2k • Da* ,.+1 + 2a* ,,+1 ^ k;A/- 

The second summation in p(iJ,.)(w) contributes 

(5.4) 

r—l r—l 

Y^ ^ (ai,r+ia*^+i - a.^a,*,,) Ap(£^r)J = X! [ («^'-+i«i,r+i ~ ^^^0*^);^ aira*r+i 

i=l i=l 

r-1 

i=\ 

Now in the third summation in p(Hr){'w) the index j is greater than or equal to 
r + 2 and so commutes with all but the second and fourth terms of p{Er){'w) above, 
thus 

n+l 

(5-5) 51 [ {"-riKj - flr+i ja*+i j) xpiEr)] 

j=r+2 

n+l 

= 2^ y[ar]a*.j>^o.rja*j] + [ar+ija*^j^.jxar+i,ja*.^ij]j 

]=r+2 

n+l n+l 

- 2^ 2^ [ {a„a*^ - ar+i,ia*^ii) Aar+ija*^] 

j=r+2 j=r+2 
n+l 

= -2 2^ a,.+ija*j. 

i=r+2 

by Lemma 5.1 (b) and (g). The last term in p{Hr){w) contributes 

N 

(5.6) [<P{br)xp{Er)] = [$(6,)a<,+i$(6,.)] = -2a;,+i ^ KpAp. 

p=0 
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The previous four calculations, 5.3, 5.4, 5.5 and 5.6, sum up to give us the desired 
result 

[p{Hr)xp{Er)] = 2p{Er). 

Now suppose s = r + 1 so that p(£'j.+i)(w) is equal to 

ji+i 

^r+l,r+2[o-*r+l.r+2) + /^ \^r+l,jO,l+l,j " ^r+2,jO,l+2,j) ^r+l,r+2 
j=r+3 
r n+1 

+ 2^ ai,r+iat*r+2 ^ /^ 0.r+2,ja*r+l,] + a*+l,r+2*(^r+l) + « ■ Da*_|_i ,,,,.2. 

?— 1 j— r+3 

Then the first sumniand in p{Hr){'w) contributes 
The second summation in Hr{'w) contributes 

r — 1 r — 1 

/ , [ (ai,r+iaj,,.+i ~ o-ira*j.) Ap(£^r+i)J = 2^ 1^ {ai,r+ia*r+i - ajr-a*,.);^ ai,r-+ia*,,.+2 

= ~ ^2^ ai_r+iaj ,-^2- 
The third summand contributes by Lemma 5.1 

n+l 

j=r+2 

— — ar+l,r+2a,-+l,r+2ar+l,r+2 
n+l 

- 2^ (flr+lja*^! J - ar+2ja*^2j) a*+l,r+2 
j=r+3 

n+l 

— ar,r+ia^ ,._|_2 — / ^ ar+2,jar-)-i_j 

j=r+3 

iV 

^ a*+l,r+2*J'(^r+l) - K ■ Da*_f,i,.^2 - a*.+l,r+2 2^ l^l^f 

1=0 

The last summand in p(Hr){'w) has A-bracket with p{Er+i){'w) equal to 

N 

<P{br)xp{Er+l) = a*+l,r+2[p(^r)AP(6r+l)] = a*+l,r+2 Yl '^P^P' 

p=0 

Adding the previous four equations up we get [p{Hr) xp{Er^i)] = —p{Er+i). 

The final nontrivial case to consider is when s = r — 1 (and rs ^ 0) so that 
p(i?,.-i)(w) is equal to 

n+l 
^r—l,r\0,r—l,r) ' / , \^r — l,jClj._ij arjClj.jJ a, — j^ ,, 
j=r+l 
r-2 n+l 

+ Y^"'3,r-iO'*jr ^ X! arja*_i J + a*_;^ ,,(f>(6r_i) + K • Da*_;^ ,.. 

i=l J=r+1 
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Then 

The second summation in p{Hr){'w) contributes by Lemma 5.1 

r-l 

i=\ 

n+1 

_ * * _ V^ / * _ * \ * 

^T—\^T^T—\ r^r — 1 r / j V^^^l^j'^r— 1 j ^^j^rj) ^r — 1 r 

j=r+l 

r-2 

N 

— a*_ij,^{br-i) — K ■ Da*_ij, — y^ KpXp. 
The third summand contributes 

n+l n+1 

j=r+2 j=r+2 

The last summation in p{Hr){'w) has A bracket with p(Er-i){'w) that reduces to 

N 
^{br)xp{Er-l) = - y^ KpXp 
p=0 

Summing the previous four equations gives [p{Hr){'w), p{Er^i){'w)] ~ — p(£',-i)('W") 
We now consider the case of s = and r 7^ 0: Then p{Es){'w) ~ p{Eo){w) = 
— ai,n+i and hence 

2[ar,r+iar,r+lAP(£^o)] =0. 

The second summation in p{Hr){'w) contributes 

r-l 



4=1 



0,i,r+lO'i^r+l ~ O.irO'ir) ^'^l,n+l 



Sr.nai 



n+l- 



The third summand contributes 

n+l 

^ Z_^ [ V'"rj'^*rj ^ '^r+l,jO*r+l^j) AOl.n+l] = (^r.lOl^n+l- 
3=r+2 

The last summation in p{Hr){2,) has commutator with p{Eo){'w) equal to 0, and 
hence does not contribute to the A-bracket. Summing the previous three equations 
we get [p{Hr)i-w)xpiEo)iw)] = -p{Eo){Mv). 

If r = 0, then since p{Ho) = — J2^=i Pi^r), we get 

n 

r=l 
n 

= -YAr.,p{Es){w) = Ao.,p{Es){w) 



which holds for any s. This completes the proof of the Lemma. 



D 
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Since our expression for -Fb(w) is quite different from that of Fi{'w) ii i ^ we 
shall prove that case separately. First we consider the case 

Lemma 5.4 (T2). For r, s ^ 0, 
Proof. We assume s,r =/= in 



[HrxFs 



2=1 

n+1 iS-1 



n+1 
j=r+l 



■]S 



j=r+2 



3 = 1 



(Omitting the niultivariable w as before). Using Lemma 5.2 and the fact that 
<i>(6r) commutes with the fli^.m and a*- ^ gives 



(5.7) 



r-l 



TJ+1 



n+1 



2=1 ?'=1 j=r + l j=r-f2 

= — Or + l,s+ias,s+l + Or^s+l0.s,s+l — Or,s0.s,s+l + <Jr+l,isaj5,s+l 
— ^rs'^s.s+l 

For the remaining component we must show 
(5.8) 

r r-l n+1 n+1 \ s-1 

[( 2^ a,;,r+ia*,,+i - 2^ aira*r ) +( 2^ arja*j- ^ ar+ija*^j^,j I a - / .Qj.^+ia 

'i=l 2=1 j=r+l j=r+2 / J = l 

s-1 

(5.9) = Ars ^ aj\s+ia 



js 



js 



J=l 



First note that by Lemma 5.1 
(5.10) 



r r — 1 s — 1 

/ . a»,'-+ia2,r+l ^ 2^ OirO*^;^ - ^ Oj^g+ia*^ 

2=1 2=1 J = l 



unless r = s, r + 1 = s, or r = s + 1. 

Equation (5.1) of Lemma 5.2 allows us to compute each case. Suppose r = s, 
then 



r r — 1 s — 1 

/ , «i,i-+ia2*r+l - 2^ a2ra2rA " 2_^ 0.],s+ia*s 

2=1 2=1 j=l 

Suppose r = s — 1, then 



s — 1 s — 1 s — 1 

^aj>+ia*^+^aj,s+ia*3 = 2^aj,s+ia 
j=i J=i J=i 



JS- 



2 = 1 J = l 



= 
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and 

r s — 1 

Similarly, if ?' = s + 1 

r s-l 









= 



and 



Wc have shown 



r-l 



/ . ^ir^irX 7 , 



aj-.s+iflj,, 



i=i 



s-l 



(5.11) 



2_^ai,r+ia*,r+i ~ 2^ 



(Xif-Cl,:, 



} ,0'j.,s+ia*s 



,i=i 



A J = l 



s-l 



^rs 2^ a-j. 



s+ia 



]s 



i=i 



Applying Lemma 5.1 and Lemma 5.2 and splitting into cases r>s — l,r = s — 1, 
and l<r<s — la straightforward computation shows the remaining component 
satisfies 



(5.12) 



n+1 n+1 s— 1 

'i— r+1 i— r+2 J — 1 



E 



for all r, s 7^ 0. Equations (5.11) and (5.12) give (5.9) and the desired result. D 

The case of [Hq{w) \Fi{w)] is similar to the above and is left to the reader. Next 
we consider the case of Fo{w). 

Lemma 5.5 (T2). For all < k < n, [p{Hk){w)xp{Fa){w)] = -AkaFo{w). 

Proof. To simplify the computation for p{Fq){w) one should note that for all pos- 
itive integers s,i, i, and fixed i + 1-tuple q = (gi, g2,<Z3, • • • Qi+i) £ Z'+^ with 
1 ^ qi < q2 < ■ ■ ■ < Qi it follows immediately from Lemma 5.1 that 



(5.13) 



i^stalt^Y[alg^^^] = n^^-9''^*9'+i<9i+i 



1=1 



1=1 



In other words, the expression [o-stO-lt)^Y[i=i'^q q ] i^ zero unless s,t appear as 
consecutive integers in the increasing sequence qi < q2 < ■ ■ ■ < qt in which case 
[asta*f^-] acts as an identity operator. From this observation and noting that the 
expression p{Fq){'w) contains sums of strings of such products, one is motivated 
to arrange terms of p{Hk){'w) to promote cancellation, writing (where we suppress 
the multi- variable) : 

k n+1 fe-l n+1 

p{Hk) = '^ai,k+ia*j,^j^- ^ ak+i,ja*k^j^j-^a,ka*k+ E ^kja^j + <^{bk). 

i=l j=k+2 i=l j=k+l 

We now consider the A (or equivalently the commutators) of components of p(i/fe)(w) 
and p{Fo){w), and will show that [p{Hk){vf)xp{Fo){w)] is zero except in cases of 
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k = 0, l,n. Let 

A:=- J2 E «'■ 



n+l 



i-1 



7 . [l'^*q,qi + iO,*,n+l 



l<r<n+l rn=r+l 



^=ii>^i-i ■ ■■>gi = i 



;=i 



B:=- y: *(m e n«;... 

l<r<n+l > -, " ^ , ' = 1 



i-1 



C 



E n"9<9<+i'''-^<"+i' 



^=Qi>'ii-l ■■■>gi = l 



;=i 



SO p(i^o)(w) = A + i? + C Because it is simpler, we first consider the second 
component B. Fix r with 1 < r < n + 1, recaU g^+i = n + 1. and fix k with 
1 < fc < n. In a fixed q G 7'+^ as above, if none of tlie g^ = A; + 1 for 1 < j < i 
then by (5.13) 



fe n+l 

-1 j=k+2 



1=1 



= 



On tlie other hand, ii qt = k + I for some (unique because of the conditions on q) 
1 < t < i + 1 then (5.13) shows 



n+l 



Yo'i,k+ialk+i - Z2 "fe+i.j4+i,j ) n^^i-ii+i 

3=k+2 



i=l 



1=1 



IK^.+i-II' 



%?,+i-li%9,+i =0 



1=1 



Since $(6r)(z) commutes with the operators aij(w) and a* (w), we have shown, 
summing over r, q with r > g^ : For 1 < k < n 



(5.14) 



n+l 



i=l j=k+2 



= 0. 



A similar argument shows that for 1 < k < n 

n+l 



(5.15) 



fc-i 



E "'=j"fcJ ~ E ^'^kolkxB 

]=k+l 



i=l 



0. 



Adding equations (5.14) and (5.15) shows, for 1 < fc < n 

(5.16) [p{Hk){^)xB]=Q 

Now consider the first component A of our realization of Fo(w). Note that the last 
term, a* „_)_2 may also appear in the product Wi^i a* „ . Assume k ^ n, apply 



A WAKIMOTO TYPE REALIZATION OF TOROIDAL sl„+i. 



19 



(5.13) and (2.7) for manipulating the brackets: 
(5.17) 



ij r<m 



i-1 



1=1 



0-i.k+iai,k+l ~ afe+ljOfe+l.j; 



7 . ll"9!<Jl + l"r,n+l 

q 

>->gi=l 
i-1 

E n- 



9(9! + l 



'i=qi>qi-l->gi=l 



/=1 



^r,n+l 



i-1 



E H' 



'9i9i + l 



ai,fc+iaj_j,^_i — afc+ijaj._|_ij_^a,.^„+i 



'^=gi>gi — i--><Ji = i 



i=l 



7 ^ 7 ^ (fli.fc+l'^i.r'^fc+l 
i.j r<m 



i-1 



E n 

qi-i ■■■>gi = l 
i-1 

ak+i,3Sk+i,rSj,m 2^ |la*j<},+ia*,„+i) 



"■qiqi + l^-r.n+l 



n=qi >ii — i ■■■>qi 
i-1 

a 



1=1 



2_^{ — 0,rmSk+l,m 2_^ 11 

T^=qi >Q 
i-1 



"'qiqi + l^r.n+1 



qiqi + l 



n = qi>q^_l ■ -■ > qi =1 



1=1 



0-k+l,jO,k+l,j x^r,n+l 



- ^{ar,k+lSmk+l 2^ [\_0,*qtqi + iK,7i+l - 0.k+l,mSk+l,r ^ il^qiqi + i'^r,n+l) 



q,™=gi i^i 



q,m=g, ,^;^ 

r>qi_i ■■■>Qi = l 



i-1 



2_^ (-flrm^fc+l.m 2^ [lO.*qiqi^iK,n+l + ^r.k+lClrm 2^ 1 1 "9;9i + i °^r,n+l) 



r<m q , ; = i 

= 
Thus we have shown for 1 < k < n 

k ri+1 



^ = 1i><ii — l ■ ■■ >qi=l 



i=l 



(5.18) 



2^ai,fc+ia*fe+i - 2^ afc+ij-a^+i j^^ 



i=l 



= 



Using a similar argument one can also show for 1 < k < n 
(5.19) 



fc-l n+l 

'^-a,ka*^+ Y^ akjal^^A 

i=l j=k+l 



= 
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So for 1 < A; < n 

[Hk{w)xA]=0 

Using Lemma 5.2 and equation (5.13) as above, one obtains for 1 < fc < n 
(5.20) 



E 



n+l 



1=1 j=k+2 



E [["'*qiqi+l"-*k+l,n+ll^-^ 



and for k with 1 < fc < n: 
(5.21) 

n k—l n+l 

r=l i=l j=k+l 



k-\-l = q^>q^_l-->qi=l 



i-1 



1 = 1 



7 . ll«9,g, + iaLn+l'*''^' 



fc=gi>gi-i->gi = i 



1 = 1 



The last term $(&i.)(z) appearing in H^iz) commutes with all of the operators 
aij(w), a* Aw), so all that remains is to compute for 1 < A; < n 

(5.22) 



9!?l + lJ 



'■><!i>->91=l 






1=1 



[<i>(6fe)(w)A - j2 *(^-)(^) E ri' 

l<r<ri+l 

- E ^- E fl' 

l<r<n+l > -.^^^ , ^-1 

?' « i 

= (-1) E n«;..+.'^-^+2 E n«;.,+i^-^+(-i) E n«;....'^-^ 



fc-l>qi>->gi = l 



(=1 



k>Qi>->qi=l 



1=1 



k + l>qi>-->qi=l 



1=1 



E ]i<i.+i^-^+i-^) E n<?<+i^-^- 



fc = q.j > ■ ■ ■ >g]^ = 1 



i=l 



'^+I = 9i>->91=1 



;=i 



Where we collect partitions in the last equality. 
Now for fc 7^ 0, 1, n we have shown 

(5.23) [p(i7fc)(w)^p(Fo)(w)] = 5.18 + 5.19 + 5.14 + 5.15 + 5.20 + 5.21 + 5.22 = 



D 



Now we consider the case fc = 1 where 



n+l 



n+l 



(5.24) 



Hi = ai^2a*i,2 - E "2ja2j + E "ij"ij + *(^i) 

j=3 J=2 

Equations (5.14) and (5.18) hold for fc = 1 as does equation (5.20), so 

■i-i 



(5.25) 



n+l 
3=3 



E Y[Km+y2,n+l^ ■ >^) 

2=gi>gi_i-->qi=l 
* * \ 



1=1 
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Furthermore, since in all of our q, gi = 1 equations (5.13) and (5.2) give 
(5.26) 



n+l 
J=2 



-A + B 



n+l 



j=2 r , "J , , 1=1 



^ = <?i >'3i_l ■■■ ><?!=! 



=-Fb - aln^iK ■ A 



Finally, 

(5.27) 



[^{bi)xFo] == 2a^^„+iK • A - l(a^2a2,«+i + ai,«+i)« ' -^ 



'at2a2.n+l'* • -^ + «l,n+l'« • -^ 



Summing equations 5.27, 5.25 and 5.26 yields [p{Hi){-w)xp{Fo){w)] = p(Fo)(w) 
as desired. 

Now consider H„ = Yl'^=i ai.n+ia*„^i - X]r=i «™a*„ + a„,„+ia* „^.i + $(&„), 
writing Fq (w) = A + i? + C as above, and recalling our assumption that in all the 
i + 1-tuples q the term q^+i = n + 1 a straightforward computation using (5.13) 
shows 



(5.28) 



(5.29) 

Furthermore 
(5.30) 



[^ Qi^n+ial^+i^A] = A 



i=l 



<r< 

E 



Dal 



i=l l<r<ri+l 1 , (=1 



l<r<n+l 1 , 1=1 



i-i--><Jl=i 

/ , 11 ^qiqi + i V^r,n+iar,n+lx'^ ' ^'^r,n+l\ 

-■■>gi=l 

E H' 






l<r<n+l ^ 'I ^ /-I 



Equations (5.15) (5.19) and (5.21) hold for k = n and show 



ri-l 



(5.31) 



(5.32) 



4=1 

n-1 



i=l 
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n— 1 i 

(5.33) [-'^aina*„ + an,n+ia*,^„+i^C]^- ^ Il^qi+i'* ■ ''^ 

i=l n=qi>qi-i>---qi 1=1 

(5.34) 

i i 

q / — I ** /—I 

"-l>9i><?i-l->91=l 'n->qi>qi_i- ■■>qi = l 

Summing equations (5.28)- (5.34), wc have 

i i 

[p(i/„)(w)AP(Fo)(w)]=A+i3+c- E n<9<+i^-^+2 E n<..+i«-^ 

n = gi>-->gi "^ ,i- !>,; > ■ ■ ■ ><Ji =1 

= Fo(w) 
The case of fc = follows from the above, and is left to the reader. 

Lemma 5.6 (T3). [p(S,)(w)ap(F,)(w)] = -6r.s ( p(i?r)(w) + ^ E /'(^O(w)A, J . 

Proof. For r ^ and s 7^ 0, the proof is nearly the same as those in [Cox02, Lemma 
3.4] where 

-7fo.(z)-i(6+_i(z) + 6++i(z)) 



is replaced by $(6^) and 



' 2'^i-,r+l('^) 



is replace by k • Da* ^_|_]^. We refer the interested reader to that paper for the proof. 
It is also straightforward to check that 

[p{E^)xp{Fr)] = -So,r (piHr) + ^EpI^OA^- j 
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Now we consider [p{Es)xp{Fo)] with s > 0: We break this up into pieces: 

i-l 

'K-,s+l(«s,s+l)^A 2_/ '^'■J zZ ll"9i9i + i'^*-.«+l] 

l<r<j<n+l q;j— Qi ;r>gi_i /— 1 

i-l 
= -(5s,na„,„+i(a*_„_,_]^) 2_^ ll%iqi + l 

q:ri+l=gi i=l 

i-l 

- 2^ flrj 2^ _[_[ ag,g,+i(agt,g4+J a*,„+i 

l<r<j<n+l q;3=<!i!i->gi_i i^l,;^:^* 

3t:(<!t.9f + l) = (s.a + l) 

i-l 

q;s+l— gi;s>gi_i /—I 



l<r<n+l ci:r>qi j — 1 



E E n <,,.A<s+lf<^ibr), 



l<r<n+l <i;r>qi j = lj^t 



l<r<ri+l q;r=qi j=l 

i-l 

= - E E n %,q,+ii<,s+iff^-Da;^n+i 

l<r<n+l <i:^=n j = l,j^t 

3t:(gt,gt + l) = (s,s+l) 

i-l 

q;n=gi j = l 

The second summand in p{Es) contributes the foUowing: 

n+l /i-l \ 

[ X a^+i.fea^fcA Y^ flrj XI n "919^+1 <«+i] 

k=s+2 l<r<j<n+l q;j=9i:i->gi_i \i=l / 

n+1 /i-l \ 

=- E "^+i^fe E n^-- '"* 



«i,9! + l I "s,"+l 






n+1 / i-l 

E E "'■J' E n^^i.ft+i I <fc<"+i 

fe=s+2 l<r<7"<n+l q:i=9i \ ' = i 

r><!i_l,3t:(<!t. 94 + 1 ) = ( = + !, fc) V'?^* 

s+l<7"<n+l q:j = <!i \l=l / 

a + l>9i-l 
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n+1 i 

k=s+2 l<r<n+lq;r>gi j = l 

= E E E n <,,,.<^Hbr), 

k=s+2 l<r<n+l qii-^ii j = l.j=^t 

3t:(gt,9t+l) = (s + l,fc) 



n+1 i-1 

[E "s+l,fc"s/cA E E II"9j93 + i'*'^"*:"+l] 

fc=s+2 l<r<n+l q;r=qi j"=l 

ri+1 i-1 

^ E E E n K,<i,+i<k>^ ■ ^<,n+l 

k=s+2 l<r<n+l q;'-=<ii j=lj^t 



q;s+l=qi J = l 



Next we consider the third summation in p{Eg): 



s-l /j-l 

'%9i + l I ">%n+lJ 



fe=l l<r<j<n+l q;j=<!i \/=l 



S-l /i-1 

"■giiji+i 

k=l qja + l = <Ji \i = l 



E«- E n- 



s-l / i-1 

'-^qiqi + l I "fe,s+l"r,n+l' 



E E '''■J E n «".".. I a; .^1 a: 

fe=l l<r<j<?i+l q;3 = 9i;'->9i-i \/=l,i^t 



S — 1 ? 

-EafesaL+iA E E I[<q.^Mbr)] 

fc— 1 l<r<n+l q;r>q^ J — 1 

= -E E E ( ri <,... I «Ui*(M, 

fc=l l<r<n+l q; >■><!; \j=l.J5^t 

at : (?t,<Jt+l) = (fc,s) ^ 



s-l 



-[^afc,4,,+iA Y. E n^?.'?.+i'*'^<»+i] 



fc=l l<r<n+l 1 1 = 1 

— ^ = 9^ 

S-l 



E E E n "'*q,q, + l ] '^Is + l^ ■ ^<,n+l- 



k=l l<r<n+l <>;'■=« \i=l jyt 
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The fourth summation m p{Es) A- brackets with the summands of p{Fq) as fol- 
lows: 



n+l 



^qiqi + l^r,n+l 



51 [(«sfea*fc -a,,+i,fea*+i^,)a*_,,+iA ^ Orj ^ J| ' 

= s+2 l<r<j"<n+l 1, i = l 

n+l i— 1 n+l z— 1 

/ . "sj'3^Is+l 2^ ll'^«i9i + i'^s,n+l ~ 2^ "s+lj^s.s+l 2^ ll«gigi+i'^s+l,n+l 



i=s+2 

n+l 






j=s+2 



j=qi;s + l>Q^ 



1=1 



22 ("^'^"sfc ~ as+i,fca*+i_j.) 22 [["'*qiqi+i"'tn+i 



k=s+2 
n+l 



1=1 



/ . / . "'•i Z^ llaq,g,_|_iaj ,,+ia*„_|.i 



fe=s+2 l<r<j<n+l q,3 = 9ii>->9i~i i=l 

3t; (gt,qt+l) = (^-'^) 



n+l 



i-l 



* * 



7 . 7 . '^'■J Z^ ll"9,g,+i«s,s+l«r,n+l 

fc=s+2 l<r<j<n+l q;j=9i;r>5i_i 1=1 

3t: (gt,9t-n) = (s + l,fc) 

i-1 
s<j<n+l i--3=iii 1=1 



J2 "«+i^j Y. n 

s+l<7<n+l fid=Qi 1=1 

s + l>9i-l 



%g, + i"s+l,ji+l"s,s+l- 



n+l 



A;— s+2 l<r<?i+l q;''">'?i j — 1 

n+l z 

= -E E E n«U+.<.+i'J'(M 

A.— s+2 l<r<n+l q;^>9i j^l 

3t; (gt ,gt+l) = (^''=J 

n+l ? 

+ E E E ]l<q3..<s+l'^(b.r). 

k=s+2 l<r<n+l qir>gi j=l 

3*; (9t,<!t+l) = (s+l.fc) 



26 



SAMUEL BUELK, BEN L. COX, AND ELIZABETH JURISICH 



and 



n+l i-1 

k=s+2 l<r<n+l<i.r=qi j = l 

r i — 1 

= - J2 J2 Yl n<9.+i<-+i^'^<»+i 

s<r<n+l k=s+2 q ■,r=qi3t<i-l,(qt,qt+i) = {s,k) j=l 

r i~l 

+ Y Y Y n<9.+i<^+i^-^<"+i 

s+l<r<n+l k=s+2 q ■,r=qi,^t<i-l,{qt,qt+l) = (s+l,k) j=l 
i-1 
-il-Ss,n) Y Yl°'*q,qj + l'^-i^ + ^)i'^*s,n+ia*s,s+l) 

i-1 
q;s+l=qi j=l 



Now we consider the last two sumniands in p{Es): 



/i-l 



-[(<s+l*(^s) + «-^aL+l)A Y "'■J' Y \W"-mqi + l] "*r,n+l\ 



i<7'<^'<n+i q;i— Qii^'^Qi-i \/— i 



q;s+l— q^;s>qi_i \/ — 1 / q;s+l— q^ ;s>qj_i \/ — 1 / 



and 



l<r<n+l q;r>gi i—1 
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Summing up the terms with <&(6/c)'s in them we get 

- E E ri <,.+.«.+i)'*(^^)^ 

l<r<n+l q;r>qi j = l.j:^t 

n+1 z 

+ E E E n <,..ys,,m) 

k=s+2 1<r<n+l q;r>gj j=lj=it 

3t:(<!t,9t+l) = (s + l,'=) 

-E E E I fl <....) «Ui$(^) 

fc=l l<r<n+l q; >■><!; \j=l,J5^t / 

3t:(<!t,9t+l) = ('=,a) ^ ' 

n+1 i 

- E E E n<..+.«:.+i*(^^) 

/i;^s+2 l<r<n+l q;^>q-i j^l 

3t; (9f ,9t + l) = (s,fc) 

n+1 2 

+ E E E n<....<^+i*(^'-) 

k=s+2 l<r<Ti+l <i:''>ii j=l 

3'! (9t,9t + i) = (s + i.'=) 



- E E n<..+i«Ui*(^-)' 

7'— s+1 q;'r>qi J — 1 

n+l ^ « 

+ E E E n <....«:,.*(^^) 

fc=S + 2r=S + l ci;r>gj j = l.j^t 

3t:(gt,5t + l) = (s + l,fc) 

-E E E ( n <....) «Ui$(M 

fc=lr=s+l q;'->5i \j = lj-^t / 

3t:(<,f,,J4 + i) = (fc,s) ^ ' 

-E E ili<..J -u^'^ib.) 

k^l q; s^gi \j^l / 

i 

n+1 n i 

- E E E I[<,,.ys,s+Mbr) 

/e— s+2 r— s+1 q;i~>gi J — 1 

n+1 n z 

+ E E E I[<'.,..-UMbr) 

k=s+2 r=s+l q;r>9i j = l 

3t; (<If ,<Jt + l) = (s + l.fc) 

+ E (li<,,^)<n+Mbs) 
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r— S+1 ^■r>qi j — ^ 

n+1 n i 

+ E E E n <....<.*(^^) 

S—1 71 I ^ \ 

-E E E n «U.J4,-,i*(M 

fc^l r— s+l q: r>gj \j — l.j^i / 

n+1 n z 

- E E E n<.,..<^+i*(^'-) 

fc— s+2 r— s+1 q;T^>qi j — 1 

3t; (gt ,gf+i) = (s,fc) 

n+1 n ?' 

+ E E E n<....«:.+i*(^'-) 

A;=.s+2 r=s + l i;r>qi j=l 

3t; (9t,<!f + l) = (s + l,fc) 

-E E (n <.,..) «Ui*(&.) 

i 
q,s=gi;(<ji,<ji + i) = (s,n+l) i=l 

+ E fn«;.,+.)<"+i*(^^) 

q;s+l— gi;s>(7i_i \/^l / 

r^s+1 q;r>gi 
n n+1 

+ E E E «i,gr--<-i.+i4,g,+2---<,«+i«*,fc*(^'-) 

r— s+1 k—s-\-2 q;r>gi 
n s— 1 

" E E E at9r--<-lfc<9*+2---<,n+l4,.+ l*(^r) 

r— S+1 fc— 1 q; '^'><ii 

n n+1 

" E E E «i,9i ■• •<*;■• •"9..»+i"s,s+i*(^^) 

r=s+l A:=s+2 q;r>(ji 
n n+1 

+ E E E "l,«l ■•■«s+l,fc---ag.,«+l«s,s+l'5(&r-) 
r'=s+l k=s+2 q;r>gi 
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n n+1 

- Yl Yl Zl "Mr--<-l^+l«fe,<?t+2---<,n+l</c*(^r) 

r— s+1 k—s-\-2 q;r>q^ 
n s — 1 

^ J2 J2 J2 aMr--<_ifc<g,+2---<,n+iafc,s+i*(^-) 

r— s+1 k—1 q; 7'>(?2 

n n+l 

" X! H H ai,qi ■■•<*: •■•aq.,«+ial,s+l^(^r) 

r— S+1 A;— s+2 q:r>(jj: 
n s — 1 

+ X] X] X! "Ml ■•■«gt-i,fe"fc,6+l---aL«+i'^^,s+i*(^'-) 

r— S+1 k—1 q;r>gi 

n n+1 

r— s+1 fc— s+2 q;r>qi 
n s — 1 71+1 

X! X! X! X! "Ml •••%-ifc«s.r--a*.,„+i4,s+i*(^r) 

r=s+l fc=l /=A:+2 q; r>qi 
n s — 1 

H H H ai,9r--<-ifcas,s+ias+l,gt+2"-<,n+l«fe,s+l*(^'-) 
r— S+1 k—1 q; r>gi 

n n+1 

X! X! XI ai,9l ■•■<fc---«9.,n+l<s + l*(^r) 

r— S+1 /c^s+2 q;r>qi 
n s — 1 

■ X X X "l,gi •••"9t-l.fc4,s+l---aq.,n+l<s+l*(^r) 
r'=s+l fc=l q;r>qi 
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n n+1 

= X! X! X! «l,9l ■■■"ls+l4,gt+2 ■■■«9.,"+iaIfe^(^r) 
7'— s+1 fc— s+2 q;r>qi 
n n+1 s— 1 

+ Z! Zl Zl Z! «l9r--aUl4,q,+2---<,n+l<fe*(&r) 
r=s+l fc=s+2 ; = 1 q;r>gi 
n s— 1 n+1 

' Z Z Z Z «Mr--<-ifc<r--ag.,„+iafe„s+i^(^r) 

'r=s+l fc=l ;=s+2 q; r>qi 
n n+1 

^ Z Z Z ^Mi •■•aU---a9.,«+iaI,s+i*(^-) 

r— s+1 k—s-\-2 q_;r>qi 

11 77 + 1 s— 1 

= Z Z Z Z "l,gi •••"/%«s,s+iafc,gt+2 •••°^9.,n+l«s,fe*(^r) 
r=is+l fe=s+2 /=1 q;r>gi 
n n+1 s— 1 

+ Z Z Z Z «Mr--<-i/«/Vl4,g,+2---<,n+l<A;*(^'-) 
r=s+l /£=s+2 ; = 1 q;r>gi 

n s— 1 n+l 

" Z Z Z Z «Mr ••<_!/«* fca;:,j^^^---a*^„+ia,%+i$(6^) 

r— s+1 ;^1 A;— s+2 q; r>qi 
n n+1 s—1 

^ Z Z Z Z °^l,9l •••«i%</c<,gt+2 •••«9.,«+iaI,s+l*(^r) = 0. 
r=s+l /£=s+2 1 = 1 <l\r>qi 
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Next we consider the terms with the k ■ A's and D's in them (here Ai^ := = 

An+l,n+2 '■= 0): 



Zl Zl n <g, + lK«+l)^«-^<n+l 

s+l<r<n+l 'i:r=n j^ij^t 

3t:(gt.gt+l) = (s,s + l) 

i-1 

r i—1 

+ Z Z Z n ^g.+i^fc'^-^^.n+l 

s+2<r<n+lk=s+2 q;'-=9i j = ijj,t 

^ 3t:(gt,<Jt+l) = (s+i,fc) ■' '■'^ 

i-1 
q:s+l=9i j = l 

" Z Z Z n <<?, + ! "M+l'^ • ^<n+l 

r i— 1 

- z z z n<9,+i<«+i'«-^<"+i 

s+2<r<n+l fc=s+2 q ■,r=qi,^t<i-l,{qt,qt+i) = {s,k) j = l 

r i—1 

s+2<r<7l+l fe=s+2 q ■r=qi,3t<i~l,{qt,qt+l) = is+l,k) j = l 
i-1 

q;s=9i j=i 

i-1 

+ {l-5s,n) Y W°'*q,q, + l'^-i^ + ^)i°'*s+l,n+ia*s,s+l) 

q;s+i=9i j=i 

q;s+l— (3'i;s>g^_i \/^l / 

i 

q;s-l>gi j^l 
■i 

i 

+ E Y[%,q,+As,s+in-{>^ + D)al,^^. 

s+l>(j,-,q j = l 
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q:s+i=gi 

s+2<r<n+l i:r=ii 

- 3t:(,t,gt+l) = (=,s + l) 

-Ss,n Y. IK9. + i'^-(^ + ^)Kn+l)' 

7' S— 1 

s+2<r<n+l k=s+2 1=1 q;'-=9i 

- 3t:(,t,gt + i) = (s + l,fc) 

r 

+ 2^ 2^ Z^ "l,g2 ' ■ '"9t-2,s°'s,s+l°'fc,gt+2 ' ■ ■°'9i-l,i-°'sfc«^ ■ -D«*,n+1 

s+2<r<n+l k=s+2 q;'-=<!i 

- 3t:(9t.9t + l) = ( = + l.''") 

q;s+l=gi j=l 
s-1 / i-1 \ 

3t<i-l:(<Jt,<,t+l) = (fc,s) V '-"^ / 

s-1 / i-1 \ 



fc=l q;==9i. \j=ij^t 

3t<i-l:(qt,qt + l) = (k,s) V"* ''' ^ 



S-1 / j-1 



Zl Z! n %9.+i «L+i«: • -Das+i.n+i 



3t<i-l : (9t,9t^_i) = (fc,s' 



i-1 



J2 J2 J2 n<9.+i<^+i''''-^<"+i 

s+2<r<n+l fc=s+2 q ;r=gi,3t<i-l,(qt ,gt+i) = (s,fc) J = l 



' 2^ 2^ ^1^2 ■ ' ■'^s + l,fe^/c,gt=2 ' ■ ■ '^9i-l,i''^s,s+l^ ' -'^'^r,n+l 
s+2<r<n+l fe=s+2 

i-1 

q;s=9i j=i 

i-1 

- (1 - Ss.n) H n aq^.g^+i<s+i« • ^(as,«+i) 
q;s=9i j=i 

i-1 

+ (l-'5s,„) Yl Yl"-*q,q, + ys+l,n+ll^-i>^ + D)ials+l) 
q;s+l=gi j = l 
i-1 

q;s+l=gi j=l 

Yi (iK9<+i)<»+i«-^+ z n<9.+i^-^--i^-('^+^)"-*.-^+i 

q;s+l— (jj:;s>q^_i \/— 1 / q;s — l>qi j — 1 

q;s>gij=i s+l>gi,qj=l 
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We break the above into three summations; collecting terms with k ■ Das+i.n+i, 
with K ■ Das.n+i, with k ■ Dar,n+i, r > s + 2 and over k ■ Das. s+i (there is some 
overlap with n ■ Das^n+i and k, ■ Das^s+i when s = n ): 



'^1,92 ' ' ■ '^qi-2,s\0-s,s+l) '* ■ -'^'^s+l,n+l 
q 

S-1 

,," k=l 

q,s+i=9i 
Next we have summands with (A + D)al „_|_]^ in them: 



{l-Ss,n) Y. n <?. + !'' •(^ + ^K"+i 

q;s+l=(;i J = l 



fc=l q;s = 5i, 7 = 1 ,-=^t 

3t<i-l:(gt,<jj + i) = (fc,s) -^ '■'^ 



/i~\ 



q;s=ijij = l q;s+l=9i \; = 1 / 



X! "l.?2 •■ ■"9.-1,5+1'^ ■ (-'^ + ^)«s,n+l "X! X! «1,92 •■•aj._2fc4,s+l'«-^as,n+l 

q fc=l q;a = gi,3t<i-l: 

E* * :* 7~^ / ^ \ ^W =4^ ^ ^ \ 

q:s=gi q:s+l=gi 

-«,« I XI n"?.9.+i''-('^+^)«u+i" X n^ftft+1 "^.''+i'>:--D(a:,„+i) 

Ci-s+l=q,] = l ^.l'=•'^ \i=l / 



J-1 /J-1 \ 

= -<5s,„ I X n "g.-Jj + i'* ■ (-'^ + ^)"n,«+l " X ( n "«ft + i ) °*n,n+l'^ ' -^Ca,* „+i) j . 
.q;n+l=9ij=l q;n=gi \i=l / 
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Moreover the summands with (A + I?)a* g_^_i sum to 



+ {l-Ss.n) Yj "1,92 •••"9.-1, s+l«s+l,n+lK- (-'^ + ^)«s+i) 
q; 

~ Y 01,92 •••«9>,n+l'«- (-^ + -D)(a*,,+ i) 
q; 

,5U .s+l>9.,q 

= - X "1.92 ■ ■ ■ a9.-i,s<n+l«^ ■ (A + £))(a*^,.+l) + X "M2 • ■ ■ 0'*qi-i,s+ia*s+l.„+lK ■ (A + Z?)^ ,.+1) 
q q 

~ X ai,92 ■■■«9.,»+i^' ('^ + -^)(<^+i)+ X ai,92"-»9.,"+i'^' ('^ + ^)('^.*,.s+i) 

~ X «1,92 •••"9,-i,s+l«s+l,"+l'«'(-^ + -0)(o*,s+l) 

q;s+i=9i 

q;n=9ij=l q:s=9i 

- Ss,n X °^1,92 ■ ■■°^9i-l,s+l"s+l,>i+l'^ ■ ('^ + ^)('^s,s+l) 

q;s+l=9i 

+ (5s,„ X "1,92 •••"9>,'i+l^' (-^ + -^)«s+l) 
q 

S+l><Ji 

i-1 i-1 

= -Ss^n 2^ _[_[ 'lgjgj + i°'n,n+l'>^ ■ (•^ + -0)("n,n+l) ~ ^s," 2^ 1 1 "9^9^ + 1 "n.n+l'* ' ^(°'n,n+l) 

q;n=9ij=i q;n=9i j=i 

q;n=9i 
+ (5<,,« X °^1,92 •••°^9.,n+l«- (-^ + ^)(an,n+l) 



i-1 

"'^s.» X n °^9,9, + l°^n,n+l^ ' -D«,„+i) + (5s,„ ^ "l,92 ' ' ' «9.,n+lK ' (-^ + -D)«,,i+l)- 
q;n=9ij=l ^ 



Hence the summands with (A + D)al g_f_i and (A + D)al „_|_]^, sum to zero. 
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Next we have the summands containing k • Da*„_^_i, which contribute 



/ , '^1,132 ' ■ ' '^qi-2,sO-s,s+l ' ■ ' '^qi-irO-s,s+l'^ ' ^'^r,n+l 

s+2<r<n+l qi'-=gi 

r s-1 

+ 2^ /_^ /_^ /_^ ^l.q-2 ' ■ ' ^Ls+l^k,qt + 2 ' ' ' '^qi-i,r^sk'^ ' ^^r,n+l 

s+2<r<n+lk=s+2 1 = 1 'i,^=ii 

- 3t:(qt.qt + l) = (B + l,k) 

r 

+ 2^ /_^ 2^ "1,92 ■ ■ ' ^qt-2,s'^s,s+l'^k,qt + 2 ' ■ ■ '^qt-ur'^sk'^ ' ^^r,n+l 

s+2<r<n+l k=s+2 t-^^ii 

- 3t:{qt,,qt + l) = (.s + l.k) 
S-1 

s+2<r<n+l fc=l i'''=ii. 

3t<i-l:(<jt,<jj + l) = (fc,s) 

r 
/ , / , '^l,q2' "'^qt-i,s'^s,k'^k,qt+2" ''^qi-l,r'^s,s+l''^ ' '^'^r,n+l 



s+2<r<n+l k=s+2 ,']'•''-''", , ., 



/ , ^1^2 ■ ' ■ '^s+l.k'^k,qt+2 ' ■ ■ '^gi-i.r^s.s+l^ ' ^'^r.n+l 
<r<)i+l fe=s+2 

/ , '^1,92 ' ' ■ '^<3i-2,s'^s,s+l ' ' ■ ^qi-ir'^s,s+l'^ ' ^^r,n+l 

<r<n+l q;'-=9i 

r s—1 
<r<n+l fe=s+2 /=1 i.r=ii 

3t:(qt.qt + l} = {s + l,k) 
S-1 

2^ Z^ Z^ «l,g2 ■ ■ ■"9t-i,A;«s,gt+2 ■ ■ ■"9i-l,rafe,s+l'* • ^«r,n+l 



s+2<r<)i+l fc=l q;'-=9i. 

- - 3t<i-l :(gt,gt+i) = (fc,s) 



7 , 7 , '^lq2 ' ' ' '^s+l,k'^k,qt+2 ' ' ' '^qi-l,r'^s,s+l'^ ' -^'^r,n+l 

s+2<r<n+l k=s+2 
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s+2<r<n+l q;'-=9i 

- 3t:(gf,5t + l) = (s,s + l) 

r s— 1 
s+2<r<n+l k=s+2 1=1 i:-r=K 

3':(<!t ,9t + l) = (s + l,'!) 
S-1 

^ Z^ Z^ Z^ '^hq2"^"'qt-l,k°'*s,qt+2"^"'q^-l,r'^*k,s+l^■ DK,n+l 



s+2<r<n+l k=l <i:''=ii, 

- - 3t<i-l:(5t,<jj+i) = (fc,s) 



!<r<)i+l 1=1 



s+2<r<n+l q;'-=9i 



2^ 2^ Z^ "1,92 ' ■ '"/,s+l'^sfe'^fe,<3t + 2 ' ■ '"gi-l,r'^ • -^"nri+l 

s+2<r<n+lfc=,s+2 i=l q;'-=9i 

3t:{qt,qt+l) = {s + l.k) 
S-1 

^ Z^ Z^ Z^ «l,g2 ■ ■ ■"gt-i,fc"fc,s+l°'s,gt+2 ■ ■ ■"g,-!,'-'* • ^«*,n+l 

s+2<r<n+lk=l q;'-=9i, 

- 3t<i-l:(<jf,<Jt^l) = (fc,s) 

S-1 

+ Z^ / . °lq^ " ' ' °i.s+l • • • Qq,-i .rQs,s+l'^ • ""r,rt+l 



s+2<r<n+l ;=1 



7 ^ 7 . 7 . 7 . "l,92 ■ ■ ' "r,s+l«sfc«fc,gt+2 ' ■ ■ '^9i-i,r'^ " -Da*,„+1 



s+2<r<ri+lfc=s+2 i=l q;'-=<!i 

3t:(,4,5t^l) = (a + l,fc) 



s— 1 r 
Z^ Z^ Z^ Z^ 01,92 ■'■"«*-!, fc'^fe,s+l«s, ;ar,gt+3 •• ■ag,_i,r'« • ^«r,ri+l 



s+2<r<n+lfc=li=s+2 ^^^. , 'i-^^=1^. 



7 . 7 . "l,g2 ■ ■ ■%-l,fc"fc,s+l«s+l,gt+3 • ■ ■"g,-i,ras,s+l'« • -'^"r,ri+l 



s+2<r<n+l A:=l q;'-=9i. 

S-1 

+ Z^ 7 . °lq2 " ' ' '^i.s+l ' ' ' '^Qi-i,r'^s,s+l^ • "'^r,ra+l 

s+2<r<n+l (=1 

0. 
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Now for the terms without any k-D or bi^s in them. First we consider the summands 
with Ofcj terms with k < s — 1: 



s-l 

k—1 q;s+l— gi ;/,:>gi_i 

s-l 

~ / , / . '^r] 2_^ '^1:92 ' ' ' '^*qt-i,k0-*s,qt+2 ' ' ' °*q,-i,j°*k,s+lK,n+l 

k—1 l<r<j<n+l q;j = 9i:i^>9i_i 

S-l 

"■'^s 2^ 0.l,q2" '^q,-i,s+l°'k,n+l 
fc— 1 q;s+l— Qj :/i;>qi_i 
s-l 

/ . "■'■s 2^ ^1,92 ' ■ '"9t-i,A;"fe,s+l"r,n+l 
/c— 1 l<r<s — 1 q;s=<?i;^><?i-i 

3t<s-l:(5t,,t + l) = (fc,a) 



7 . 7 . ""^J Z^ «1,92 ■ "°'gt-l,fe'^s,gt+2 "'°'9i-lJ°'fc,s+l°'- 
/c— 1 s<r<j<n+l;j>s+l q;j=<?i ;^>gi-i 

3t<»-l:(9t.9t + l) = ('!,») 
S-l 

~ 7 . / . '^'-J Z^ "1,92 ' ""9t-l:fc"s,gt+2 ' ""9.-1 j'^fe,s+lOr,n+l 
fc— 1 s<r<j<n+l q:j=<?i;r>9i_i 

3t<i-l:(gt,<Jt+l) = (fc,s) 



This last summation sphts up into three summations which contribute to later 
summations: The first summation has a factor of Osj, the second a factor of fls+ij 
and the last summation has factors of the form a,.j with s + 1 < r < j. We deal 
with these consecutively in the following: 
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We consider the summands with a factor of as 



'■S3- 



i5s,na„,„+i(a* „^i)- 2_^ a\„„- ■ -a 



92 "q,_i,n+l 

q 

E\ "^ * * * * * 

+ 2as,s+ias,s+l 2^ ^1,92 ' ' ' ^9i-l,s+l"s,n+l 

q;s+i=<3i 

s-l 

^ / . / . "-SJ Z^ "^1,92 ■ ■ ■ °*qt-uk0*s,qt+2 ' ' ' °*q,-i,30*k,s+l°*s,n+l 

k—1 s<j<n-\-l ^'J=<ii':S>qi_i 

n+1 

j=s+2 q-j=qi:s>qi-i 

n+1 

+ ^ askagk /_^ °'1,(32 ■ ' ■"qi-i,s+l^s,n+l 
/c=s+2 q;s+l=gi 

n+1 

E\ ^ \ "^ * =^ * + * * 

/ . ^sj 2^ '^l.qi" ''^qt~l:s'^s,k" ''^qi-i.,j'^s,s+l'^s.n+l 

A;— s+2 s<j/<n+l q;j = '3i ;s>gi_i 

3t; (gt,gt+i) = (a,fc) 

— (1 — <^s,n) 2^ "^^'J Z_^ ^l,q2 ' ' ' '^qi-i,j'^s,n+l'^s,s+l 

s<j<n+l <i[j=qi;s>qi-i 



'^1,92 ■ ' ■ ^qi-2,s'^s,s+l^s,s+l'^s,n+l 
q:s+l=gi 

+ 0'S,s+l<ls,s+l 2-^ ^1,92 '■■ '^9i-l,s+l^s, n+1 
q;s+l=gi 

i5-l 

~ / . / . "*-J Z^ 01,92 " ■%-l:fc'*sj°'fc,s+l°'s, n+1 
/c— 1 s<j<n+l q;j— Qi 

n+1 

+ 2_^ O.skO'sk 2^ '^1,(32 '■ '^qi-us+l^s, n+1 
A;— s+2 q;s+l— q^ 

n+1 

E\ ^ \ "^ * =^ * + * * 

k—s-\-2 s<j<n-{-l q;j = gi;s>g^-„i 

3t; Cgt.g£+i)=(s.fc) 



Q'S,s+l<^s,s + l 2^ ^1,92 ■ ■ ■ ^qi-i,s-\-l^s.n-\-l ^ /^ /-^ ^sj 2_^ ^l..q2 ' ' ' ^qt-i.k^s.j^k..s-\'l^s,n-\-l 
q;qi<s— 1 k—1 s<j<.n-\-l ^'J—qi 

n+1 ?i+l 

+ 2_^ O'skO'sk 2-^ ^1,<?2 ■ "'^'?i-i,s+l^s,n+l ~ /_^ "^^^ ^^ '^1,^2 ''' '^'?i-2,s^s,fc^s,s+l^s, n+1 
fc— s+2 q;s+l— Qi fc— s+2 q;fc— g^ 
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n+1 s — 1 n+1 

^^ Z_^ Z^^sj'^s.j /_^ ^1,92 ■' ■"9t-l,fe^'£,s + l^s, n+1 + 2^ ^skO-sk 2_^ ^1,92 ''' "gi-l .s+l'^s, n+1 
j=s+2 fe=l q;j=9i fe=s+2 q;s+l=(3i 

n+1 

E^ \ "^ * * * * 

O-skO-sk 2-^ ^1,92 '■■ ^9i-2,s'^s,s+l^i5, n+1 

A;— s+2 q;/c— gi 

= 0. 



Next we calculate the terms with as+i.j in them: 



^l,<32 ' ' ■ *^gi-3,s'^s,s+l^s+lj"^s,s+l'^is+l,n+l 



s+l<j<n+l q;j='!i;s=?i-i 

n+1 
- 2^ a,s+l,A; 2^ «1,92 '""gi-l.fc^s.n+l 

= >9i-l 

n+1 
+ 2^ as+l,fc 2^ «l,g2 ■ ■ '"9t-l,s+l'^s,A:as+l,n+l 



A; = S + 2 q:fc = 5i:s + l = <,.;_i 

3*:(gt.gf + l) = (s + l,fc) 

+ 2^ a^+ij 2^ ^1,92 ■•■'^9,-i,i'^ln+i 

s+l<7<n+l l-i=ii 

s-1 

~ / . / . fls+l.J 2^ "1,92 ■■ '"94-1, fc"s,9t+2 ■■ ■"9i-ij"'fc,s+l"'s+l.n+l 

fc=l s+l<j<n+l q;i=<!i;s+i>9i-i 

n+1 

— 2_^ a^+ijO^ ,,_l_l 2_^ "1,92 ■■ ''^9i_i,j'^s+l, n+1 

J=s+2 q;j=9i;s+l>9i_i 

n+1 

- 2^ as+i^fea*^j_j. 2_^ 0^1,92 '■ '"9i-i,s+l'is,ji+l 
fe=s+2 q;s+l=9i 

n+1 

/ . °^s+l J ^ '3^1,92 ' ■ ' ^qt-l,s'^s,k • ■ ■ '^q,-i,]0's,s+lO-s+lM+l 

k=s+2 s+l<j<n+l q;3=<!iis + i>gi-i 

n+1 
+ ^2^ Cls+l^k 2_^ "^1, 92 '■' '^9t-i, 3+1*^3+1, fc'^s, 5+1*^8+1, n+1 

fc = S + 2 ci;fc = 5i;s + l>5;_i 

3*; (9t,<!t + l) = (s + l,'=) 



"s+lj 2^ «1,92 ■ ■ '"9>-l,i"s+l,n+l«s,s+l 

s+l<i<n+l q;_;=9i:s+l>9i_i 
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n+1 

fls+l.A; 2_^ '^1,52 ' ■ ' '^<?i-3,s'^s,s+l'^s+l,/£'^s,s + l^s + l,n+l 

n.+ l 

k=s+2 q;'!=<ii;s + i>9i-i 

3t; (gt-<!t+i) = (s + i,fc) 

n+1 

a! 



fc=s+2 q:fc=<!i 

s>9i-l 

ra+1 
+ 2^ as+lM 2^ "1,92 ■' ■"«>-!, fc'^s.n+l 



fe = S + 2 q:'e = 9i 

n+1 
+ 2_^ a^+i^fe 2_^ "1,92 ' ""9t-l,s+l"s,fc"s+l,ri+l 

fe = S + 2 q:fc = <!iis + l = <!i_l 

3*:(9t,gf + l) = (s+l,fc) 

ra+1 

as+i,feas_|_i_^. 2^ '3^1,92 '■ '"gi-i,s+i"s,n+i 

fc=s+2 q;s+l=5i 

,s-l 

/ . fls+l.J 2^ "1,92 ■ ■ ■"gt-l,fc"s,gt+2 ■ ■ ■"gi-i,j"fc,s+l«s+l,n+l 

fc=l s+l<j<n+l q;i=gi;s + i>9i-i 

n.+ l ri+1 

^ Z^ Z^ as+l,fc ^ "1,92 ■' ■'^9t-l,s"s,J ■' ■'^9,-1, fe"s,s+l"s+l,ri+l 

k=s+2j=s+2 q;fc=<!iis + i>gi-i 

3t- (Qt ■'ift+l) = (^-j) 
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n+1 s-1 

,g2 ■ ' ■ '^l,s+l'^s+l,k'^s,s+l^s+l,n+l 



k = S + 2 1 = 1 i;k = qi 

n+1 

+ 2_^ fls+i.fc ^ a^^gj ■ ■ •a^._2_s_|_iag_,_i fcOg „_,_2 

fc— s+2 q:A:— (Ji 

n+1 

3*:(9t.9t + l) = (s + l,fc) 

n+1 

/^— s+2 q;s+l— gi 

n+1 s-1 

2^as+i,fc 2^ 01,92 ■■■%-ij'^s,gt+2 ■■■'^g,-i,fc«j,s+ias+i,n+i 

A;=s+2j = l q;fc=5i;s + l>5i_i 

3t<i-l:(5(,<jj^l) = (i,s) 

n+1 n+1 

EV ^ ^ ^ J^ * ^ ^ :k ^ 

/ , «s+l,fc 2^ 01,92 ■' '^-l.s^sj ■' ■'^g>-l,fc'^s,s+l«s+l,n+l 

fc = S + 2i = ,S + 2 q;fc = <Jiis + l>gi_i 

at: (qt .qt+l) = (s-J) 



n+l s-1 

: 2_^ 2^as+i^fc 2_^ Oj ,j2 ' ■ '0;,s+lOs+l,fcOs,s+ias+l,n + l 

fc— s+2 ? — 1 q;A:— gi;s+l>g^_i 

n+l 

+ 2_j o-s+i^ko-t^k 22 

k=s+2 q:k=qi;s+l=qi_i3t:{qt,qt+l) = {s+l,k) 

n+l 

E\ ^ * * ^ * 

O-s+lM 2_^ '^l,q^' ' ' '^qi_x,k'^s,s+l'^s+l,n+l 

fc— s+2 q;A:— gi;s+l>gi_i 

n+l s-1 

2^a,s+i,fc 2^ a^ ,j2 • ■ •%_ijas,gt+2 ' " ' '^g,-i,fc«j,s+ias+l,n+l 

fe = S + 2j = l q:fc = 9i;s + l>gi_i 

3t<i-l:(5t.gt + i) = (i.s) 

n+l n+l 

/ , «s+l,fc 2^ 01,52 ■' '"gt-l, s'^s.j ■■ ■'Jg,_i,fc'^s,s+lfls+l, n+l 

fc=s+2i=s+2 q;fc=<!i!a + i>gi_i 

3t: (qt 'Qt + i) = (s,j) 

n+l 

+ 2^ as+l,fc 2^ «1, 92 ■■■"«,-!, A:'^s+l,n+l«s,s+l 

/•:— s+2 q;/c— gi;s+l>gi_i 
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n+1 s-1 

2_^0.s+l,k 2^ 0'l,q2 "' ^1,8 + 1^^8+1. k'^s.s+l'^s+l.n+l 

k—s+2 l — l q;fc— g^;s+l>(^i-l 

n+1 

+ 2^ as+l,ka*s.k 2^ «1,«2 ' "'^9t-l,s+l"*+l,Ti+l 

k = S + '2 q:fc = g;;s + l = <Ji_i 

»1 + 1 S-1 

" Z^ 2^as+l,fc 2^ ^1,92 ■••"«f-lj'^s,gt+2 •■•"?,-!, fc'^J,s+l"s+l,n+l 

fc = S + 2i = l qifc = 5i;s+l>5i_i 

3t<i-l;(5t,gt^l) = Ci,a) 

n.+ l ri+1 

fc = S+2j = S+2 q;fc = gi;s + l>gi_i 

3t; (gt ,gt+l) = (^'J) 



n+1 s-1 



fc = S + 2 ( = 1 <i:k = qi 

n+1 



+ 2^ fls+i^fcfls.fc 2^ 

fc— s+2 q:'a=gi;s + l=qi_i 

3t:(?t,<!t + l) = (s+l,fc) 
ra+1 S-1 

~ Z^ Z^ fls+l.fc 2^ 01,52 • • • %_! jas,gt+2 ' ■ ' %,-i,/c"j,s+l"s+l,n+l 

fe=s+2j=l q;'==<!i;s + i>9i_i 

3t<i-l:(5t,<jj^l) = (i,s) 

n+1 

- 2^ as+i,ka*s.k 2^ 



fc=s+2 q;'i=9i;s + i><!i-i 

3t; (gt,gt_|_i) = (s,j) 



TI + 1 S-1 

2_^as+i,fc 2^ ^1 ,j2 • ■ -O; s_|_ia^^i ^.a^ ,,_|_jag_l_j „^;^ 

fc=s+2 1=1 q;''=«i 

n+1 s-1 

+ 2^ 2^«s+l,A:as,fc 2^ «1,92 ' ■ ■'^r,s+l«s+l,n+l 

A:— s+2 / — I q:fc— qi;s+l— q^_i ,3^:(9t )9f+i) — (^"I'li'^') 

n+1 s-1 

'•'l,<?2 ' ' ' "gt-i j"i,s+l"s+l,?i+l 



2_^as+i,kas,k 2^ fli .„ •■•a„, , oO, ,j_ia„ 



A;— s+2 j — 1 q;fc=qi;s=q.j_i 



n+1 s-1 

E\ ~^ \ ~^ * ^ ^ * ^ ^ 

/ ^ ^s+l,A; _^ «i,g2 ■ ' ■ ^gt_i,i^s,s+l^s+l,/c^j,s+l^s+l.n+l 

fc— s+2 J — 1 q;/c— gi;s+l— Qi — i 

=0. 
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Finally we calculate the last summations with arj r > s + 2: 



s+2<r<j<n+l <i-j = <ii'^>ii-i 

n+1 

+ Z^ Z^ °-rj Z^ «1,92 ■ ■ '"gt-l,s+l"fc,gt+2 ■ ■ '"g.-lj^s.fe^r.n+l 

k=s+2 s+2<r<j<n+l i-i=qi 

'■><!i-i,3t:(ijt,gt+l) = (s+i,fc) 



s-1 

'*1,92 ■ ■ ■ "9t-i,fe"s,9t+2 ■ ■ ■ "gi_i j"fc,s+l"r,n+l 



y^ y^ arj ^ aT„„---aI ,i.a»„. „---C . .al ^^,al 



k—ls+2<r<j<n+l ci:j=<?i ;r>9i-i 

3t<i-l:(<!t,<!t+i) = (fc,s) 



n+1 



fc— s+2 s+2<r<j<n+l q;j=<?i ;^>qi-i 

n+1 



7 . 7 . "-rj /_^ 0'l,q2 " ' ^qt-l,s+l^s+l,k ' " (^q,-ij(^s,s+l'^r,n+l 



k=s+2 s+2<r<j<n+l q;j=9i ;'->9i-i 

3t; (gt,5it+i) = (3+i,fc) 



• • • ( 

t + 2 



Y. Y. "-J II 

k=s+2 s+2<r<j<n+l q:j=9i 

'■>?;_!, 3t:(gt,gt+i) = (s + l,fc) 

s-1 

~ 7 . 7 . "■'•J Z^ ai,q2 " ■"<3t-l:fc"s,9t+2 ■ ' ■"<3.-lj"fe,s+l"r,n+l 

fc=l s+2<r<j<ri + l q;j=9i;'->9i-i 

3t<i-l:(<Jt.5t+l) = (fc,s) 



n+1 



Z^ a^j 2^ a^^^^ ■ ■ ■ a^^_^ .a. ,, • • • a„, , ,a, ^^, a. 



s+2<r<j<n+l k=s+2 q;j = 9i ;'">■!;_ i 

3t; 9t=s 



'^^^ 7 ^ ^i,<^" ' ' ' ^'^^ ^ ^'^'^ °-^^ ' ' ' ^'^ ^ '■'^'^ °-^^ ^"^ 



,12 ' ' ' '^qt-l,s^s,s+l ' ' ■ '^<ji_i j'^s.s+l^r.n+l 
s+2<r<j/<n+l q;j=gi;^>gi-i 



i; 9* = 



2_^arj 2_^ '^1,52 ' ' ' '^i,s+l'^s+l,fc ' ' ■ "^gi-l j'^s,s+l'^i-,n+l 

s+2<r<j<n+l /=1 q;i=<!i;'->9i-i 

3t; 9t = 3 + l 

7 . ^-rj Z^ ^1,92 '" °'s,s+l'^s+l,9t+2 " ■'^9.-1 j'^s,s+l"'-,n+l 

s+2<r<j/<n+l q;j=gi;^>gi~i 
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n+1 

H H «-J H 

fe=s+2 s+2<r<j<n+l 'i-3=ii 

'■><!i~l,3t:(gt,<!t+l) = (3 + l,fc) 

A;— 1 s+2<r<j<n+l q;j=<?i ;r>9i-i 

3t<i-l:(<Jt,<Jt+l) = (fc,s) 

n+1 

^ 2^ 2^ "-rj 2^ 0'1,92 ■ ' ■"9t-l,s"s,'; ' ■ ■"9.~lj"s,s+l"'r,n+l 

,s+2<r<j<n+l A;=s+2 q;j = 9i ;'->-!i_i 



s-1 

qt+2 ' ' ' "(Ji-i j""s,s+l'-'r,n+l 



51 XI "''J XI a*_^^ •■•a;*,+ia*_^i„.,. •••a:. , ,a:„^,a. 



s+2<r<j<n+l 1=1 q;i=<!i;'->9i-i 

n+1 

■'■1,92 ' ■ ■ '^qt-l-s+l^k,qt+2 ' ■ ■ "^gi-i J"'^s,/c0'r,ri+l 



/ . '^rj 2^ ai,q2 ■■■"9t-l,s+l°'A;,gt+2 ■•■«gi-ij«s,/car 

A;=s+2 s+2<r<j<n+l q:J=9i 

>■><!;_ l,3t:(gt.<!t+l) = (3 + l,fc) 

S-1 n+1 

E\ ^ \ "^ \ "^ * =^ * + + + 

/ . / . "-rj 2^ '^l,q2' "'^qt-l,k'^8,r'-'^qi_i,j'^k,s+l'^r,n+l 

k=l l=s+2 s+2<r<j<n+l q;j = <ii ;'■><!;_ i 



J2 J2 "-1 X 

k=l s+2<r<j<n+l q;j=9i;'->9i-i 

3t<i-l:(<Jt,<Jt+l) = (fc,s) 



n+1 

fc ' ■ ' "qi-l,j"s,s+l"r,n+l 






,s+2<r<j<n+l A;=s+2 q;j = 9i ;'-><!i-i 

at; qt=s 
S-1 

/ . Z^^rj 2^ "1,92 ' "'^i*s+l'^s+l,gt+2 ■ ■ ■'^9._ij"s,s+l«r,n+l 

s+2<r<j/<n+l /— 1 ^J=<ii'^^><ii-i 
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n+1 s-1 
fe=s+2 (=1 s+2<r<j<Ti+l q:j = <!i 

>■><!;_ l,3t:(iJt,<!t + l) = (s+l,fc) 

n+1 

+ /^ /_^ "-rj 2_^ '^l,q2' ' ' '^qt~2,sO's,s+l^k,qt+2 ' ' '^qi-l,j'^s,k'^r,n+l 

k=s+2 s+2<r<j<n+l q:j=<!i 



n+1 

s"s,fc ' ■ ■ "qi_i j"s,s+l"r,n+l 



Zl Zl ^rj J2 "^1,-32 ■ ■ • <-i =«' 1- ■ ■ ■ a:^ ■ .a: .o-i a. 



s+2<r<j<n+l fc=s+2 qu = 9i ;'->?i-i 

at; gt=s 

s-1 n+1 

E\ ^ \ "^ \ "^ ^ ^ ^ + + + 

/ . / . "-rj 2^ ^1,92 ' ' ' "'qt-i,k'^s,l ' ' ' 0.q,_i,jO-k,s+lOT,n+l 

k=l l=s+2 s+2<r<j<n+l q;j = 9i ;'■><!;_ i 

3t<i-l:(<,t,,j_|_i) = (fc,s) 
S-1 

fc=l s+2<r<j<n+l q;j=9i;'->gi-i 

at<i-i:(,t.,t+i) = (fc,s) 

s-1 

+ Z^ /^"j-J 2^ "l,g2 ' "°'i*s+l°'s+l,qt+2 " ■"q,-lj"*,s+l°'*,n+l 

s+2<7'<j/<n+l /—I q;j=qi;T^>gi-i 

at; qt = s + l 

n+1 s-1 

/ . / . '^'■J Z^ ^1,92 " ■'^gf-2,/'^i,s+iafc,gt+2 " ■°'9i-lj"s,fcar,n+l 

A:=s+2 ; = 1 s+2<r<j<n+l q;j=<!i 

'■>9i-l.at;(gt,gt + i) = (s + l,fc) 

s-1 n+1 

/ . / . '^'■J Z^ 01,92 ■ "'^gt-i.fe'^s,/ •• •aq._i,jafc,s+iar,n+i 

fc=l /=s+2 s+2<r<j<n+l q;j = 9i ;'->?i_i 

at<i-l:(<,t,gt^.i) = (fc,s) 

n+1 s-1 

/ . / . Orj 2^ "1,92 " ■Ogf-2,/Os,feafc,gt+2 ■ "Ogi_ija!,s+l«r,n+l 

fc=s+2 ; = 1 s+2<r<j<n+l qij=9i 

'■>9i-l.at:(gt,<Jt + i) = (s + l,fc) 

S-1 n+1 

/ . / . '^'■J Z^ 01,92 " ■'^gt-i.fe'^s,/ •• •aq._ijafc,s+iar,n+i 

fc=l /=s+2 s+2<r<j<n+l q;j = 9ii'-><!i-i 

at<i-l:(,t,gt^l) = (fc,s) 

= 0. 

D 

We are now left with the Serre relations: 
Lemma 5.7 (T4). 

[p(F,)(w)ap(F,)(w)] - [p(S,)(w)Ap(i?s)(w)] = ifArs ^ -1 
[p(i^,)(w)A[p(F,.)(w)^p(F,)(w)]] = [piEr)iw)x[piEr)iw)^p{E,)iw)]] = */ As = -1 
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Proof. As in the previous lemmas we first assume rs ^ 0. In this case the proof is 
exactly the same as in [Cox02, Lemma 3.5] with the exception of a sign change in 
the formulation of the p{Fr). Let us check the relations for p{Fr). 
Now suppose r = 0, so that for s 7^ we get 



(5.35) 
[p{F^)xp{Fs)] 



(- Y. "-J" Y. \{<ii+i<n+i- Y Y n<9.+i*^- 

l<r<j<n+l fi;j— <?! i^^Qi-l ^— 1 l<r<n+l q; r>qi J — 1 

i-1 s-1 

l<r<n+l<i;r=qi j=l j=l 



Y ""^l Y ]l^%q: + i<,n+l)xias,s+l) 



( Y Y IK^.+i^^OaK^s+i) 

l<r<n+l q; r>qi j—1 
i-1 

Y Y IK'j.+i'*'^<"+i)aK«+i' 

l<r<ri+l q; r=gi j = l 



l<r<j<n-\-l j—q^ql — l j — 1 

i s — 1 

l<r<n+l ^^^^^ j = l i=l 

■i-1 s-1 

l<r<n+l q,r— gi j — 1 j — 1 



jsj 



(In the above we use the notation q = (gi, 92, ■ • ■ , ft) where we sum over 1 = gi < 
■ ■ ■ < Qi < Qi+i = n+ 1. We also some times let ^q) denote the second to th last 
index in the multi- indexed element q if its last index is 77, + 1, otherwise we let l{q) 
denote the last index. For example if n = 5 and q = (1, 3, 5) then l{q) = 2 and if 
q = (1, 2, 4), then l{q) = 3. ) Now we break this up into the following calculations 
simplifying the six summations above: The first summand becomes 
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l<r<j<n+l j — qi:r>qi-ifil—l 

<^.,na„,„+i 5z n <ft+i - Yi "-J- II n [' 






?:-l 



-qkqk + 1 /_^ ^r] 

s<r<j<n+l <l', j—qi\r>qi-i k—1 



q 

n + l = g 



a„ 



E 

•<j<T 

E 



"gfc'jfc+i^'^s.s+l 



^r,n+l 



E 



a. 



■i-j 



n 



quqk+i ' 

k—l S<r<j<7l+1 fi, J = Qiir><li-l j — lj^k 

31<fc<i-l:(,fc,<jfc_l_l) = (s,s + l) 



%9j + i"'-," + l 



The second and third summands in (5.35) simplify to 



E[(En<....<j'MAK.+i)]=-E E n <....*^^ 

r<n ^ ^1^,^./^ X , ,,,7 — 1,77^ 'i^' 

- r>5j31<fc<i: (5j.,<jj._,.i) = (a.s + l) J '^ ^ 



r<n ■=!, 7 = 1 



and 



E [( E n<9.+i'*-^<»+i)A('^-.-+i)_ 



l<r<n q:gi=rj = l 



j-1 



l<r<r 



E n <9. + l'^--D<„+l 

i-1 



5,,„ ^ K-p + A)[], 



liij+i' 



i=i 
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The last three summands m (5.35) are 



Yl "--J Yl IK-Ji+i^'^+O^^dl^'^^+i"'- 



a-r^n+ixai^s+i 



O-qiqi + i'^r.n+l 



l<r<j<7i+l q:j— gi ;r>gi_i / — 1 

s~l i-1 

= E E «'-^- Y. ]l<ii+i 

l — l l<r<j<n+l q;j— (/i ;r>gi_i /— 1 

s-1 i-1 

+ Y Y [arjxal\ai^s+i Y IT 

(=1 l<r<j<ri+l j=qiql=l 

s-1 i-1 

+Y Y "'■J Y n K«'+i^"'^"+' 

Z— 1 l<r<j/<n+l ^'•j—Qi'^^^Qi — l ^ — 1 

s-1 i-1 

(=1 ;<j<n+l q:i=gi;i>gi-i /=1 

s-1 i-1 

+5z«'.^+i 5Z n 

q;s — gi;/>gi__i / — I 



1 = 1 



'^ls'^r,n+l 



"■qiqi+i"-i,n+i 



1=1 

s-1 



YY''^^ Y 



n 



i=l r<j q;j=9i; r>qi_i \fc=l.fc:^a 



and 



s— 1 i 



E EE[n<...'^^- 



ai,s+ia;^ 



l<r<n+l ^^ i = l j = l 
s-1 



E E E 



n <,.,.^^r 



1=1 l<r<n+l q;'->9i, k=l.k^a 



i— J. S — ± 

E [ E (n<9. + l'^--^<n+l)A(E'^'.-+l"?'-) 



l<r<n+l q:gi=r j=l 



--n-ss^n) E E E n 

l<r<n+l 1=1 q;qi=r,^a,(qa,qa+l) = iLs+l) \k=lM^a 



%kqk + l I "i's'* ■ ^"*,n+l 



Ti-1 



+'5s,nE E ^-p+A) n 

i=l q;g,=i \j = l 



Og^g. + i I flin 
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Putting it all together we get 
(5.36) 

i-l 



qkqk+i 






XI "'■J H n a-"-«^ 



i-1 



s<r<j<n+l q;i=<ji;31<fc<i: (?(, .(Jt+i ) = (s,s+l) j = l j#fc 

+ E E ri <,...'5'^^ 

- i->5i31<fc<i: (5j.,5;.^i) = (s,s + l) ■' '■' ^ 

i-1 

+(i-^s,„) E E n <..+.'^-^<n+i 

i-1 

q:gi=n j=l 

s-1 i-1 

-'^^^"E E "'J- E n°9<9<+i"'*^ 

1=1 l<j<n+l <i;j=qi.l>qi-i 1=1 
s-1 i-1 

+ J2ai,s+i E n <«i+l <n+i 

;=1 q;s=qi;r>gi_i i=l 



s-1 / i-1 

'^qkqk + 1 I "is"r,n+l 



-EE^'-j E n «*.--.. I «*=a* 

i = l r<j q!3=9i! >->gi-i \k=l.k^a 

-E E E in <qk..]<'^b. 

1 = 1 l<r<ri+l ^ , , " , „ , „ \fc=l,fc7ta 

S-1 / i-1 

- (1 - -^s.™) E E E n <kqk+i I <^ ■ Dal,n+i 

l<r<n+ll=l q;<!i=r \fc=lfc5^a 



n-1 /i-1 

+ -5-" E E « • (^ + A) n «■ 

; = 1 q;qi=; \ j=l 



qjqj+i I "'" 



Case I: 1 < s < n: If s > 1, then the third summation with $(&r) in it, sums 
over all partitions q where there exists some 1 < k <i and qi < r, such that 

{l,q2,...,qk,qk+i,---,qt,n + 1) = (1, 172, ■ ■ • , s, s + 1 . . . , g^, n + 1) 

where the s and s + 1 arc in the fcth, respectively k + 1-st entry. Note A; > 1 as 
otherwise s = 1. Thus if s < n — 1, then products appearing in this third summation 
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look like 

i 

In the ninth summation with $(5^) in it, the sum is over all partitions q where 
there exists some 1 < a < i — \ and qi < r such that 

(l,g2,---,ga,ga+i,---,gj,« + l) = (l,g2,---,^s + l...,(7i,n + 1) 

where the I and s + 1 are in the ath, respectively a + 1-st entry. Note 1 < a < n 
as otherwise s = 1. Thus if s < n — 1, products appearing in this ninth summation 
look like 

where I < s — 1 and r > qi > I. Thus the third and ninth summations are equal 
but of opposite sign and they cancel when s < n — 1. 

If 1 < s < n, then the fourth summation with k ■ Da* „^]^ in it, sums over all 
partitions q where there exists some I < k < i — 1 such that 

(1, 92, • ■ • , qk,qk+i, ■■■, qt~i,qi,n + 1) = (1, ^2, ■ • ■ , s, s + 1 . . . , qi-i,r, n + I) 

where the s and s + 1 arc in the fcth, respectively k + 1-st entry. Note fc > 1 as 
otherwise s = 1. The products appearing in this fourth summation look like 

i-l 

11 "*<l3<l3 + i^ ' ^°*q^,n+l = a*, 92 ■ ■ ■ °*qk-i,s'^*s+l,qk+2 ' ' ' ^*qi-iqi^ ' ^^r.^+l- 

In the tenth summation with k ■ Da* „_,_2 in it, the sum is over all partitions q 
where there exists some 1 < a < i — 1 such that 

(1,92,- ..,ga,9a+i,- ..,gj-i,9i,n+ 1) = (1,^2, ■ • ■ ,^s + 1 ...,gi-i,r,n-|- 1) 

where the I and s + 1 arc in the ath, respectively a -\- 1-st entry. Note a > 1 as 
otherwise s = 1. The products appearing in this tenth sunmration look like (after 
a change of indices k \-^ j and a i-^ k) 

11 ^qjqj + i I '^Is''^' ^'^qi.n+l ~ ^l,q2' ' '^qk-i.l'^s + l.qk + 2' ' '^qi-iqi"'ls'^' ^'^r.n+l 

where I < s — 1 and qi = r < n + \. Thus the forth and the tenth summations 
are equal but of opposite sign and they cancel. Moreover the fifth and the last 
summations are zero as s < n. 

Case II : s = 71: 

If s = n, then the indices in the third summation arc n ^ s ^ qk, k = i, 
s + 1 = qi^i ~ n + I and r = qi = n. Then in this caec the third summation 
consists of products of the form 

n^9.9. + i*(^») ="1,92 ■ ■ ■ %,-unHK) 

as 

(l,92,---,<7fc,gfc+i) = (l,g2,...,g»-i,n,n-M), 
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whereas the ninth summation consists of products of the form 

where ^ < n — 1 and r > Qi = I (as {qa, Qo+i) = (l, n + 1) inipUes that a + 1 = i + 1 
and hence qi = /). Note the difference in the coefficient in front of $(6„) in the two 
summands. so that not all the terms with the $(6r) in them cancel when s ^ n. 
Thus for s = n, we are left with 

i 







If s = n, then the fourth summation and the tenth are both zero due to the 
factor (1 — 6s.n hr both. Moreover the second summation in (5.36) has products of 
the form 

(5.37) arj _[_[ flg^g^+i = arj-ajq^ • ■ •a*^_^sa*+i ,j^^^ ■• •a*__^j-a^„_^i 

with s<r<j = qi^s-\-l<qi— j, whereas the seventh summation, after setting 
r — I, has products of the form 

i-l 



(5.38) ar.,s+ijja* 



. a^„,i = ar.s+iai„ • • • a„. , „a 



'i3i_is"r,n+lJ 



t=l 

with r < s ^ qi and qi-i < r < j . The eighth summation 
\ 

where r has the restriction that qi^i < r < j ~ qi, I < s — 1 and s + l < qi = j. If we 
consider the eighth summation when a = i — 1 so {qi-i,j) = ((ji_i, g;) = (1,8+ 1), 
then this part of the eighth summation has products of the form 

These summands cancel when r < s with summands in the seventh summation 
in (5.38). When r = s (and a =: i — 1 so {qi-i,j) = {qi-i,qi) — {l,s + 1)), 
the summands (5.39) in the eighth summation cancel with the summands in the 
second summation in (5.37) where (r, j) = (s, s + 1). If a < i — 1, then in the eighth 
summation a + 1 < i — 1, so that s + 1 = qa+i < qi-i < r and these terms in the 
eighth summation cancel with the remaining summands in the second summation 
of the form (5.37). 
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Hence for s > 1, we get from (5.36) 
(5.40) 

i—1 n — 1 i—1 



_^ k=l 1=1 l<j<n+l q;j=gi;;>9i_i m=l 

i-1 






n-l 



- ^«,« E E E n <..^i °*"'^^'- 

+ ^s,n E E « ■ (^ + '^) n <9. + i "'"■ 
;=1 q;q,=; \i=l / 

This proves the Serre relation for s ^ 0,l,n. li s = n we have 

i—1 n—1 i—1 

[p{Fo)xp{Fn)] = a„,„+i E n <?.+! - E E «'J- E n "' 

JJ^ fc=l /=1 /<j"<n+l q;j=gi;;>qi_i m=l 



■<3m9m+l"in 



5^ K.(Z? + A)[]« 

q;9i=n j=i 

ri-l 



i-1 

"■/jSj + l 



E E E n <..+. I "rn*^'. 

i=l l<r<7i ^ , , 1 , „ a-i^ \fc=l,fc5:ta 



•i-1 



EE-(^+^) n 

1=1 ci;qi=l \j=l 



«9jg, + i I O-ln 



n-l 



Wc want to show [[p{Fq)xp{F„)]^p{F„)] = 0. To prove this first rccah p{F„) = a„_„+i - ^ ap^„+ia* 

p=i 
Now 



[[p(-Fo)AP(K)],xan,n+l] 

i—1 n—1 i—1 

=[(a».„+i E n <?-.+! "E E «y E n "?™9>..+i«i»)/-'^"."+i] 

J^ A:=l i=l i<j<n+l r,q-,j=qi;l>qi-i m=l 



i-2 

an,n+l E II " 

q 

9i-l 



fc=l 
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whereas 

n-l 



-^[[piFo)xp{Fn)]^iap^n+la*pJ 



n— 1 i—1 2—1 



- ^ Z_/[(""-n+l Z2 [["'Ikqk + l^ Z2 "'J Z2 II "9™9™+i°^'*")Map,"+lS,n] 



p=l Jl^^^ fc=l l</<j<n+l q;j=gi;;>qi_i m=l 



n— 1 i— 2 n— 1 2—1 

p=l '^ k=l 1=1 q;gi=n;/>ni_i m=l 

n-l / j-2 

-2^aZ,n+l2^ 2^ 11 ag„9„+iap,naj*n 

i=l p=l q;n+l=gi;Z>gi_i=p m=l 

Hence 

(5.41) [[p(Fo)Ap(^„)]MP(^n)] = 0. 

For s = 1 we get p(Fi) = ai_2 and hence 

j-i 

l<r<j<n+l <i]j—qi,r>qi-i,q2—2j—2 

i i—1 

r<n+l 1 „ 1=2 l<r<n "i i=2 



Thus 

(5.42) [[p{Fo)xp{Fi)]MFi)] = «• 

Next up is the calculation for [p{Fo)x[p{Fo)fj.p{Fi)]]: For a partition q = (1 
gi, (72, . . . , (?;, n + 1) recall we set ^(q) = i. We now write 

[p{Fo)xp{Fi)] = Aqi + Boi + Coi where 

i(q)-l 



^01= ^ flrj ^ H a:, a. 



* n* 

<ljQj + l i~.n+l 
l<r<j<n+l q:j=qi(q);i->(ji(p)_i,g2=2 J=2 



;(q) 

^01 =E E n<..+i'^^'- 



r<n ^ "^ ^ j=2 



/(q)-l 

'^Oi = E E n «g,g,+i'^-^<n+l 



l<r<n ^ 1 j=2 

92=2;<!l(q)=>- 
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and Fo ^ A + B + C where 



A= J2 -"-rj J2 n "■"■"■■"■' 



i(q)-l 

qiqi + l'^r,n+l 



l<r<j<n+l q;j=9!(q);»'>9((p)-i '=1 

^ = - E E ri<....*(M 

l<r<n+lr>q,(c|),qi=l 

/(q)-l 

^=- E E n <?,+!« • ^<n+l- 

l<r<n+lr=(jj(q),q j=l 

Then 

[Fox[Fof,Fi]] = [AxAoi] + [BxBoi] + [AxBoi] + [BxAoi] + [AxCoi] + [CxAoi]. 

Now we calculate each sunimand above 

;(q)-i ;(p)-i 

[^A^Ol] = - E E [°^i n Kq, + yr,n+lXask Ji ^*pi;P f + i^ln+l] 

l<s<k<n+l , , , t ■^' „ 

/ Up)-i 

= - E E flsfeharjA n Vp£ + i]"*,"+1 



l<s<fc<„ + l p;fc=p,(p);s>p,,p)_i,p2=2 



/(p)-i \ Uq)-i 



n ^icpc^Mn^o^s.n+M n »--'.<- 



5=2 / 1=1 

/Kq)-i 

- E E a^J [ n <9, + lAasfc]<n+l 

l<»<fc<„ + l p;fc=p„p);.>p„p)_i.p2=2 

Kq)-i \ Up)-i 

+ 11 Si9! + l[°''-,n+l-^'^«fe] I 11 %jpe + i"s,n+l- 
i=l / 5=2 

Rc-indcxing the above gives 

/ Up)-i '(p)-i 

= - E E a.sA; KjA n "P5P« + J"I«+1 + n «P«P5 + l Kj^<n+l] 



Z(q)-1 



H al„. ,,a; 



/=i 

/(q)-l Z{q)-1 

i<s<fc<„+i q;'==9i(q); = >9i(q)_i \ /=1 ;=1 



l_r<j_n + l p;3 = p,(pj;r>p,(p)_i,p2 = 



;(p)-i 



H al„, ,,< 



5=2 
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/(p)-i i(q)-i 



E E «-* n <P5+i n 



a„.„, , , a„ 



l<s<fc<n+l <Ji"+i=9i(q); = >'Ji(q)-i C=2 Z=l 



J2 E «-fe n <?<+! n «-- .a 



i(q)-l Up)-1 



l<s<k<n+l <i-''=^i(<i): = >ii{ci)-l 1=1 i=2 

i(p)-i i(q)-i 

l<s<fc<„ + l p;fe = p,(p);.>p,(p)_i,p2 = 2 

/(q)-l ;(p)-l 

E E asfe[ n "9,91 + 1 ^"'■j]«s,n+l n «P5P5 + i"^."+l 

i<s<fc<,.+i q;fc=?,(q);»>9!(q)_i /=1 4=2 

l<T-<j<r, + l p;3 = p,(p);,.>p,(pj_j,p2=2 

/(p)-i i(q)-i 

- E E a.fc n <Pe+i n <9,+i«^,n+i 

l<s<fc<n+l q;'>+i=<!,(q);s>9,(q)_i 4=2 i=l 

i(q)-l ;(p)-l 

E E °«*^- n <ii + i n «P,Pe + l«^,n+l 

l<S<fc<)l + l <i;'= = 9!(q)i = >'!i(q)_l 1 = 1 ^ = 2 

p:7i + l=p,(p);s>p,(p)_l.P2=2 

Up)-i Uq)-i 

E E a.sA;[arjA H «P«P£ + J<n+1 IT «9,9, + i<n+l 

-' -" p;''=Pi(p);s>Pi(p)-i.P2=2 

i(q)-l i(p)-l 

E E "'^'^t n ^*gi<ll + l>''^^lK,n+l n «P«P5 + i'^*.»+l 

l<r<s<fc<n+l q;fc = <!,(q)is>g,(q)_i,3t<i(q)-l;(T-.3) = C,t,gt4.i) [ = 1 ^=2 

I<r<3<„+1 P;J = Pi(p):'->Pl(p)-l.P2=2 



Up)-1 Z(q)-1 

E iz a.fe n <K+i n «9,9,+i<,«+i 

l<s<A;<n+l q;"+i=5ii(q);=>9,(q)-i 4=2 1=1 

P;'= = Pl(p)i = >Pl(p)-l'P2=2 

i(q)-l i(p)-l 

E E "-fc n "««J, + i n ^kpi^i<n+l 

l<S<k<n + l q;'' = <!!(q);s>9i(q)-l i = l 4=2 

p;n + l = p,(p);s>p,(p)_j,p2=2 

i(p)-l i(q)-l 

E E ^'"'^ n «pepe+i"U+i n «9,9,+i<«+i 

2<r<Sj<k<n+l qi3 = 9i(q) i'-><!i(q)_l,3f ;2<t<i(p)-l;(r,j) = (pj .pj^i) (,=2 .^^t 1 = 1 

P,'' = Pl{p), = >Pl{p)-l-P2=2 

i(q)-l i(p)-l 

/ . / . "'^fc 11 "9i9i+i°-s,n+l 11 «P5P; + i«r,n+l- 

l<r<s<fc<,i + l q!* = 9,(q);s>g,(q)_i,3t<!(q)-l;(r,j) = (54,<jf + i) l = l,l^t 4 = 2 

l<r<j<,i + l P;i = Pi(p);->Pl(p)_l,P2=2 
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To show that the above summation is zero reduces to showing the following are 
zero: 



'(p)-i '(q)-i 

^1-=- E n "-kpi+i n <m+i 

q;n+l = q,(q);s><},(q)_l ^=2 1 = 1 

P-'= = Pl(p)' = £Pl(p)-l'f2=2 

'(q)-i Kp)-i 

+ J2 J2 n <?.+! n «pjpe+i<n+i 

l<r<j<?i+l q;'!=<j,(c|); = >'i;(ci)-i'3'<'(q)-i;{'-,i)=(9t,<it+i) l=l,l^t {=2 



Note that the first summation is over all partitions p and q and has summands of 
the form 



"2p3 ■ ■ • "'Pnp^-ik^l,q2 ■ ' ■ "'gi(q)-in+l 



with pi(p)-i < s and (?/(q)-i < s. The second summation is over all partitions p 
and q and has summands of the form 



"1,92 • • ■ "'qt-l,r°'j,qt+2 ' ' ' "9l(q)~l ,fe"2,p3 ' ' ' °'Pi(p)-i-J°'r,n+l 
= ("■2,p3 ■ ■•%(p)-ijS",'3t+2 '"'^qi(^)-i,k)i<^l,q2 ' ' ' <^*qt-ur"'r,n+l) 



where s > qi(„)-i,s > r > Pifp)^i,r < j < k. But these two sets of partitions are 
the same so /i — 0. 

Similarly if we look at the partitions for the summands of 



i(q)-l i(p)-l 

J2 n <<?<+! n "kpi+i 

<i;'==<i'!(q)''"-''i(q)-i '=1 ?=2 

pjn + l=p,(p);s>p,(p)_l,P2 = 2 

i(p)-l i(q)-l 

Z^ Z^ 11 "-PePs+i 11 "9i9l+l"*-,"+l 

2<r<j<n+l q;J=9i(q)i'-><!i(q)-i ?=2,e#t i=l 

3t;2<t<!(p)-l;{r-,j) = (pt,pt+i) 
P!''=J'i(p)i = Sj'i(p)-l.J'2=2 



Collecting partitions shows that I2 ~ 0. Hence [AaAqi] ~ 0. 
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l<r<ri+l l<fc<n+l q;r>g,(q) p.fc>Pi(p) ,P2=2 j=l 1=2 

/i(q) \ Up) 

= E E ^- E E -(^+^) n«u. J n «;.... 

l<r<n+l l<A;<n+l <i\r>qnci} P,k>Pi(p) ,P2=2 \^=^ 1 '=^ 

/'(q) \ Up) 

= E E Mr.fc-1 + 2<5,fc - <5,,fe+i) E E '^•(^+^) IK..+1 n« 
i<.<„+ii<fc<„+i .>,i,„ -.,<;, ,..^. V.'=i / '=2 

/'(q) \ Up) 

=-E E E -(^+^) n«u.. n<P,.. 

/Uq) \ Up) 

+2 E E E -(^+^) n<...Jn«;p... 

l<r<n+l q:r>(7,(q) p;r>p,(p),p2=2 V-J^l / '=2 

/Uq) \ Up) 

- E E E -(^+^) n«u.Jn«;p<.. 

2<r<n+lq;r>gi(q) p;r-l>p,(p),p2=2 \j = l /i=2 

/Uq) \ Up) 

=-E E E -(A+i^)n <.,+. n «;p,+. 

l<r<riq;r>g,(q) p;r+l>p,(p),p2=2 y = l / '=2 

/Uq) \ Up) 

l<r<n+l q:r>(7((q) p;r>pi(p),p2=2 V = -'- / '^^ 

/Uq) \ Up) 

- E E E -(^+^) n<...Jn<.<.. 

l<r<nq;r+l>qi(q) p;r>pi(p),p2=2 \-^~^ / '~^ 

/Uq) \ Up) 

=-EE E -(A+i?)n <.... n <.<.. 

l<r<riq;r>(j,(q) p;r+l=p,(p),P2=2 V-J = l / '=2 

/Uq) \ Up) 

' E E E -(^+^) n«u.Jn«;p... 

l<r<Ti q;r>gi(q) p;r>pi(p),p2=2 V-^^^ / '=2 

/Uq) \ Up) 

+ 2 E E E - • (A + i?) n <.... n <v... 

l<r<n q;r>gi(q) p;r>pi(p),p2=2 V-J^l / '=2 

/Uq) \ Up) 

+2 E E -(^+^) n«u>jn<p... 

q;n>«i(q) p;">Pi(p).P2=2 \-'=i / '^^ 

/Uq) \ Up) 

- E E E -(^+^) n«u.Jn<P,.. 

l<r<nq:r+l=g,(q) p;r>p,(p),p2=2 \J = 1 / '=2 

/Uq) \ Up) 

' E E E -(^+^) n«u.Jn<p,.. 

l<r<nq:r>g,(q) p:r>pi(p),p2=2 V-J^l / '=2 



PiPi+l 



58 SAMUEL BUELK, BEN L. COX, AND ELIZABETH JURISICH 

=-E E E -(A+i?)n <.... n <P,.. 

/'(q) \ '(P) 

+2 E E -(^+^) n-u.jn<P,.. 

q;n><?l(q) P;">Pi(p)^P2=2 \J = i / '=2 

/'(q) \ Up) 

- E E E -(^+^) n«u.Jn«;p,..- 

l<r<riq;r+l=q,(q) p;r>pj(p,,p2=2 V = ^ J '=2 



Now 



n i(q)-l i(p) 

[aasoi]=- e e e e n <9<+j«-jAn<p.+j<"+i'^(^^) 

l<r<7<n+l . I, s=l ^ P , 1=1 3=1 

n i(q)-i i(p) 

="E E E En <9,+iK-An<p.+j<"+i*(^-) 

s=l 2<r<i<n+l . "1 ^ I* o 1=1 3=1 

i = il{,i)'^>il{q)-l =>P;(p)-P2=2 

/(q)-l /(p) 

[i?AAoi] = - E E n «;,,+jn<P.+iAa.,]a;„+i<I>(&,) 

- ■'- J = 9i(q);'->'!l(q)-1.92=2 ^s = l ^P;s>Pl(p) 

n Kq)-i Up) 

= -E E E E n «;,,+jIKp.+i^"'-j-]<»+i*(^«)- 

s=l 2<r<j<n+l ^ "J „ ^ P 1=1 3 = 1 

3 = 9Uq);'->9l(q)-l.'!2=2 »>P!(p) 
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Hence [Aa-Boi] + [-BoiA^] = follows from the calculation below each fixed 1 < s < 
71, and r > 2 

/(q)-i ;(p) 

- Y. Y. En <9,+iKAn<p.+i] 

r<j<n+l q;j=(3,(q);r>g;(q)_i p;s>p,(p),p2=2 1=1 j=2 

/(q)-l l{p) 

- J2 Y J2 II <9.+i[n°ww+i^«'-j] 

r<j"<n+lq;j=i3,(q);r>gi(q)_i,92=2p;s>p;(p) 1=2 j=l 

Z(q)-1 i(p) 

" ^ Z^ Z^ Z^ 11 %9! + l 11 "-PjPj+l 

r<j"<n+lq:j"=(;,(q);r>g,(q)_i P;s>Pi(p) .P2=2 i=l j=2,j^t 

i(q)-l i(p) 

+ Y. Y Y II "?<«+! n <p.+i 

r<j<?i+lq;j"=(ji(q);r>9,(qj_i,ij2=2 p;s>Pi(p) i=2 j = lj=^t 

i(q)-i ;(p) 

^ ^ Z^ Z^ Z^ 11 °9l<?l + l 11 "-PiPj + l 

r<j<n+l p;s>p,(p),P2=2 q;i=Pt + i=9j(q) ;»"=?* >9i(ci)-l '=1 j=2,j^t 

i(q)-i Up) 

+ E E E n <^i+i n <p.+i- 

r<j<n+l P;»>P!(p) q;Px+l=J=9i(q);Px=i->(ji(q)_i,g2=2 i=2 j=lj5^T 

3x;(r,j) = (pT- :P^^i) 

The factors appearing in the first summation is over all partitions p and q and 
looks like 



"I92 ' ■ '"«i(q)-2«i(q)-l"«i(q)-li'^2p3 ' ' ' '^Pt - 2 ,Pt - I'^Pt - iT^ j Pt + 2 ' ' '^l{p).n+l 



with Z(q) — I < r and pt-i < r whereas the second summation is over all partitions 
p and q resulting in 

'^2q3 ' ■ ''^9i(q)-2 9i(q)-i°'9Uq)-iJ°'lP2 ' ' ' ^x -2 ,Pr - 1 ""Px - 1 r '^jPx+2 "■'^/(p),n+l 

with ;(q) - 1 < r and p^_i < r. Renaming (1, gi, • . • , ft(q)_2) to {l,p[, . . . ,p'^_-^^^), 
and (p3, . . . ,pt-i) to (gg, . . . , q'l/ r^i) , we see that these two summations cancel. 
Next we calculate 

[AxCoi] 

;(q)-i l(p)-l 

= - Y ["-J Y n <9, + i<"+lA E I] n Op.P.+ l'^-^^n+l] 

l<r<j<n+l q;j=g!(q):i->9,(q)_i 1=1 l<s<n+l p;s=p,(p),p2=2 fe=2 

//(q)-l \ /(p)-l 

=- Y Y Y n <9i+i <n+i« ■ ^ai«+i n <p<=+i 

1<''<J<S<"+1 i:J = 'J!(q): P-'i=PUp)-P2=2 Y 1=1 J k=2,k^t 

'■>9l(q)-l 3t:(Pt,Pt+l) = ('-.i) 

/ /Kq)-i \ \ Kp)-i 

- Y Y Y ^■(^+^)n <9,+i <n+i n «MP.+i- 

l<i5<Ji+lq;n+l=9,(q);i5>(j;(q)_i p,s=p,(p),p2=2 \ \ /=! / / fc=2 
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While on the other hand we have 



;(p)-l /(q)-l 

= -[ II H n «P.P. + l'^-^<n+lA Yl "-J H n <9, + i<n+l] 

l<s<n+l _P fc=l l<r<j<n+l <i,j = 5r!(q) 1=2 

/Uq)-1 \ Up)-1 

= Z! Zl Z] n "'mm+i <"+i'^ • -Da:,„+i H "p'^P'.+i 

l<'-<i<S<"+l <5'J='Jl(q)i P.» = Pi(p) \ 1 = 2 I k=l,l^t 

'•>9i(q)_l-<!2=2 3t:(Pt.Pt+ !) = ('-. 3) 

/(q)-l /(p)-l 

- E E E n <9-+i<»+i'^-(^+^) n <p.+i 

l<s<n+l q;"+i=9!(q); p,s=P!(p) 1=2 fc=l 

s>9((q)_l,92=2 



Thus 



[^aCoi] + [CxAoi] 

//(q)-l \ /(p)-l 

= - E E E n <9, + l <n+l n <p.+ l^-^<n+l 

l<r<j<s<n+l q;J = 'Ji(q); p. ==Pi(p).P2=2 y 1=1 J k=2,k^t 

'■>9i(q)_l 3t:(pt,pt4.i) = (r,j) 

//Uq)-i \ \ ;(p)-i 

-E E E '«-(^+-D)n «9.?<+i ^^,"+1 n <p.+i 

l<s<ri+lq;n+l=g((q):s>g,,q)_i p,s=p,(p),p2=2 yy ;=1 J j k=2 

/i(q)-l \ i(p)-l 

+ E E En <gz + i <n+l n «P.P. + i'^-^<n+l 

l<r<j<s<n+l i;J = <!i(q)' P. = =P!(p) \ 1=2 I k=l,l^t 

'-><Il(q)_l>92=2 3':(Pt.Pt + l) = ('-.i) 

i(q)-l i(p)-l 

- E E E n «u..<»+i--(^+^) n <p... 

l<s<n+l q;n + i=<i((q): p,s=pi(p) i=2 fc=l 

s>9l(q)_1.92=2 



A WAKIMOTO TYPE REALIZATION OF TOROIDAL sl„+i. 61 

Then 

[BxBoi] + [AxCol] + [CxAo,] 

l<r<n \q;r>gi(q) V^^^ / / \P:''+l=Pi(p) 'P2=2 Z=2 

/ /'(q) \\ / Up) 

+2 5: -(A+^) n<,..J E n«;p,.. 

\q;">9i(q) V-J^i // \p;">Pi(p)'P2=2 /=2 

/ /'(q) \\ / '(P) 

- E E -(^+^) n<..J E n<... 

l<r<n \q;i+l=qi(q) \^=^ ) ) \P;'">Pi(p) :P2=2 ;=2 

/Uq)-i \ Up)-i 

- E E En <9,+i <«+! n «p.p.+i^-^ai«+i 

l<r<j<s<n+l q;i=<!,(c,)^ P>s=Pi(p)>P2=2 y l=\ j k=2,k^t 

'■><!l(q)_l 3t:(Pt,Pt+l) = ('-.3) 

/;(q)-i \ Z(p)-1 

- E E E ^■i^ + D)\Y[ a;,„Ja;„+i n <P.+i 

l<i5<n+l q;n+l=<3,(q);s>g,(q)_i p,s=p,(p),p2=2 y /=1 y fe=2 

/i(q)-i \ ;(p)-i 

- E E EH <qi+A ^ ■ D{ain+i) n <p.+i 

l<s<ri+l q;n+l=(:/,(q);s>g,(q)_i p,s=p,(p),p2=2 y 1=1 j fc=2 

/i(q)-l \ i(p)-l 

+ E E EH <g,+i <n+i n flp.P.+i'^-^a^.n+i 

l<r<j<s<ri+l q^J = 9i(q)^ P.==Pi(p) y i=2 / k=l,l^t 

'■><!i(q)_l,<!2 = 2 3*:(Pt.Pt + l) = ('-,3) 

i(q)-i ;(p)-i 

- E E E n «^.9z+i <"+!'* •(^+^) n <p.+i 

l<s<n+l q;" + i=<!i(q): P,s=P!(p) i=2 fc=l 

= S9!(q)-l'92 = 2 

If wc look at the forth summation we have factors with q; J — qiiq)',r > q;(q)_i, p,s — 
Pi{p),P2 = 2; 3t : (r, j) == {qt,qt+i) and are of the form 

^i(q)-i \ i(p)-i 

11 °'qiqi + i \ ^r,n+l H "pfcPfc+l '* ' -^"^^^n+l 
(=1 y fe=2,fe#t 

~ ~'^1<?2 ' ■ ' '^i(q)-l,i'^r,ri+l02,p3 ' ' ' ^Pt-ir^jPt+2 ' ' ' ^l{p)-ls^ ' ^'^s.n + l 

This is the same as summing over factors with of the form 

Kp') 
(5-43) - a*^, • • • a;,^^^^_^ n-D (a;„+i) [] a;,^,^^ 

1=2 

where q' := (1, 52, • ■ • , /(q)-l, j,Pt+2, • ■ ■ , '(p)-l, s, n+1) and p' := (1, 2,p3, . . . ,pt-i,r, n+ 
1). In the above we have r < s and /(q') = s and l{p') < s. 
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If we look at the fifth summation we have factors with q; n + 1 = g/(q) ; s > 
9/(q)-i7 P, s = Pi{p},P2 = 2 and arc of the form 

/;(q)-i \ /(p)-l 

\ 1=1 / k=2 

= -K- {X + D) [alq.^ ■•■«g,(<,)_i,n+ij al«+i»2p3 •■•«r(p)-i,s 
= -K-(\ + D) (^alg^ ■ ■ ■ a;(^j_^,„+i j a;p3 • • • a^p^^^.al^^^ 
= -K-{X + D) (a* ■•■<,, ,,,„+! ) ao„„ ••■a* 



I92 "9!(q)-i,n+iy "'2p3 ";(P),"+1 



i+1 

/=1 / fc=2 



where q' := (1, q2,--- , g/(q)-i, n + 1) (so g,(q,)+i = ?i + 1 and g^'^^,) = ffi(q)-i) and 
Z(q') < s = ;(p). 

If we look at the sixth summation we have factors with q; n + 1 = qiiqy.s > 
Qi{ci)-iiPi s = Pi{p)iP2 = 2 and are of the form 

(5.44) 

/(q)-i \ ;(p)-i 

n %iii+^ ^ • ^(«S,n+i) n ""IkP^+i = ""192 ■ • ■ ai*(q)-i,„+i« ■ ^(a:,„+i)a2p3 



•a;(p)-i,s 



1=1 / fe=2 




a9^„ • ■ • a 



Up) 



-l.s'^ ■ D\^s,n+lJ 



where q' ;= (l,g2,--- , <7/(q)-i, "- + 1) (so g/(q/)+i = n+ 1 and g,'(q,j = ft(q)-i) and 
Z(q') < s. 

In the second to the last summation we have after we switch the q with the p 
are summed over p;j = Pi(p);r > Pi(p)_i,P2 = 2,q,s = q;(q)3i : {qt,qt+i) = {r,j) 
and the factors have the form 

/i(p)-i \ Uq)-i 

(5.45) n <mj<"+i n <,.+,'^-^«n+i) 

y 1=2 J k=l,l^t 

= ^lq2 ■ • ' ^qt-ir^lqt+2 ' ' ' "gi(q)-i,. '* ' ^("s,ri+l )a2p3 ' ' ' "r(p)-l,ia*-,n + l 
= (aig2 • ■ • %-irar,„+l)(a2p3 ■ • ■ ^l{p)-l,j^3,qt+2 ' ' ' «9,(<,)-i,a '^ ' ^(«s,n+l)) 

Thus this second to last summation is cancelled by terms of the sixth summa- 
tion (5.44) leaving us with a summation over q; 77. + 1 = qi[q)', s = g;(q)_i,p, s — 
Pi(p)iP2 = 2 in the sixth summation. Thus the remaining summation has factors 
that can be rewritten in the form 

(5.46) 

i(q') Uq')-i 

- "2p3 • ■ • "^(p)-!,^'^ ■ -D(a* „_|_i) YY °*q'iq[^^ ^ '^ ' -0("In+l)«2p3 ' ■ ' 0*l{p)-l,s^*s,n+l H "9,'<?,'+i " 

1 = 1 1=1 
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In the last summation we have after we switch the q with the p are summed 
over p; n + 1 ~pi[p);s > Pi(p)-i,P2 ~ 2,q,s = (7/(q) and the factors have the form 



l{p)-l /(q)-l 






'(p') 


n ""Upi+i al„+i«: ■ (A + Z?) Yi <g.+i = 


-n.{X + D){alg^. 


■•<(.)- 


-i,.)<n+i ll«p;p;+i 


1=2 k=l 






1=2 



where p' := (1, 2,p3, • • • ,p/(p)_i, n + 1) so that l{p') < s. Now the last summation 
combines with (5.43) and (5.46) to give us a summation over p';s > pJ(p,'),P2 = 
2, q', s = q[, ,^ with factors have the form 

i(p)-l i(q)-l /i(q') \ i(p') 

1=2 fe=l \ 1=1 / 1=2 



As a consequence we obtain 

/i(q) \ / Kp) 

l<s<n+lq;s>tj,(q) \' = 1 / \P,s=PUp) .P2=2 fc=2 

/Uq) \ / Kp) 

l<s<n+lq;s=g!(q) ^(=1 y yp,s>pi(p) ,p2=2 fe=2 

Now if we set 

i(q) i(p) 

m--- E n «;.... and c(t):= E n<p.+. 

q;*=gi(ci) i=i p,t=Pi(p),P2=2fe=2 

then by induction one can show that 

e((e«('^))cw)+e(^(^)(ec(^))) 

- 2 ( (e ^('^)) (e ci^ ) - E ( (e ^('^)) c(.s + 1)) - E (^(^ + 1) (e c('z)) ) 

(The identity above holds for any elements B{q) and C{s) in an algebra with coef- 
ficients in Z.) Thus we conclude 

[BxBoi] + [AxCoi] + [Ca^oi] = 0. 
This completes the proof that 

(5.47) [p(Fox)[p(^o)mP(Fi)]]-0. 

Now the proof that [p{FQ)x[p{F^)^p{Fn)\] == and [p{FQ)xp{Fa)\ = are proven 
in a similar manner, where in the end it boils down to the following formal identities: 

n /n-1 / *" / * \ \ \ "^^ /n-1 ^ 

E E(-'5'-^-i + 2^- - ^r.s+i) E E ^(^)c(^) = E ^(^)^(^) - ^(") E ^(^) 

r=l \s=l \t=l \v=l ) ) J t=\ \t=\ / 

and 
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(e (e -^(«)) "^(^ + 1)) - (e ^(A + E ( (e -^(9) j A{s)\ = 0. 

For the Serrre type relations for the Er, the calculations are the same as those 
in [Cox02, Lemma 3.51 where 



is replaced by $(6r) and 



-7K{z)-^{b+_,{^) + b+_,,{z)) 






is replace by n ■ Da* ^_,_]^. We refer the interested reader to that paper for the proof. 

D 
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